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Abstract. We obtain the exact order estimates of the best approximations of periodic functions that are analogues of the Bernoulli

kernels in the Lebesgue spaces.
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Introduction. Let L, be the space of 2m —periodic
functions f summable to a power q,1 < q < o (resp.,
essentially bounded for g = o), on the segment [—m, m].

The norm in this space is defined as follows:
1

q
,1<q < oo,

1 f y
If =l £ lg==1{\ 2 . If (x)|7dx

esssup|f(x)|,

xX€[—-m,m]
For a function f € L,, we consider its Fourier series
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where
for =5 [ Fooeax

are the Fourier coefficients of the function f. In what
follows, we always assume that the function
f € L, satisfies the condition

f f(x)dx =0.
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Further, let ¢ # 0, be an arbitrary function of natural
argument and let 8 be an arbitrary fixed real number. If a
series
ei%ﬁsignk

(kD

keZ\{0}
is the Fourier series of a summable function, then,
following Stepanets [1, p. 25] we can introduce the

(¥, B)—derivative of the function f and denote it by fl;”.
By L;l; we denote the set of functions f satisfying this
condition. In what follows we assume that the function f
belongs to the class L‘g,p if f € L‘g,p and

ffev,={p:p€Llylol,<1}
1<p<oo

f(k)eikx

If
Y(lkl) = |k|™", >0, k € Z\{0},
then the (i, B)—derivative of the function f coincides
with its (r, #)—derivative (denoted by fg) in the Weyl-
Nagy sense.
Let, for a fixed function of a natural argument i and a
number 8 € R, the series

T .
lp(lkl)e—lfBSlgnk eikx

KEZN{0}
is a Fourier series of some sum function F,(x, ) on

[—m, ]. Then each function f € L;’;’p can be represented
as a convolution

1 T
£ = 5= | oG- Oy pd,
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where |l ¢ II,< 1,1 < p < o (see, e.g., [2]).

Note that the functions F(x,8) are naturally called
analogs of the Bernoulli kernel, since for ¥ (|k|) = |k|™,
r > 0 the function Fy, (x, B) is the Bernoulli kernel.

By B we denote the set of functions v, satisfying the
following conditions:

1) ¢ — are positive and nonincreasing;

2) there exists a constant € > 0 such that

T
YO e
¥(27) ,
Thus, the functions =7 > 0;= S“),y ER, >

0,7 € N, and some other functions belong to the set B.

For the quantities A and B, the notation A = B means
that there exist positive constants C; and C, such that
CiA<B < GCA. If B<C(C,A(B==C(C;A), than we can
write B < A(B » A). All C;, i = 1,2,..., encountered in
our paper may depend only on the parameters appearing
in the definitions of the class and metric in which we
determine the error of approximation.

We now give definitions of the approximating
characteristic under investigation.

Let
m
T, = [t:t(x) Z cke”"‘}.
k=—m

Forf €L, 1<q < o, we set
En(fg = jnf 1fC)=tO) g (1)
The quantity given by relation (1) is called the best
approximation of the function f in the space L.
In the case where ¢, = f(k), by Em (Fy)q We denote
the quantities

m
En(Dg =1 FOO = D FHe™ I,
k=-m

For the quantities E,,(f), and €,(f), there is the
relations

En(f)q < €m(fg-

At present, there are many works devoted to the
investigation of quantity E, (f), and &,(f)q.
For details and the corresponding references, see, e.g., [3,
4].

Main result. The following assertion is true:
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Theorem. Let 1< g < o, P € B, B € Rand let, in
addition, there exist € >0 such that the sequence

1
tp(t)tl_Ts, t € N, does not increase. Then the following

order estimate is true:

1

Em(Fp)q = Em(Fp)q = $(m)m' 4,
Proof. We now establish the upper bound. Let [ and m
be such that 2! < m < 2'*1. First, we consider the case
1 < q < 2. Applying Littlewood—Paley Theorem (see,

e.g. [5])
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where
(0= ) fge,
kep(s)
p(s) ={k:25"1 < |k| < 25}, s €N,
we obtain

En(Fy)q K
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Then, using the inequality |a + b|* < |a|* + |b|* for
0 < a <1, wecan write
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To continue (2), estimate the value

185 (Fy)|7dx <«

and.
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First, we show that the following estimate is true

k ~iZpsignk  ikx
Y(lkDe 2 e «

kep(s) q

L P(2%) Z ekl ;1< q < .
kep(s) q
For this purpose, for s = [ we consider the sequence
{/1 } — {¢(|k|) e—i%ﬁsignk 251 < |k| < 25}
) T '
We make sure that the sequence {1,} satisfies the
conditions of the Marcinkiewicz theorem (see, e.g., [5]).
Obviously, it is enough to check the fulfillment of
conditions 1), 2) of this theorem for positive k such that
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2571 < k< 25,
By € Band 2571 < k < 25 then
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So we can write

A, Z eikx|| =

kep(s) q

= D wakpe e
@) (|4,

q
On the other hand, by Littlewood—Paley Theorem,

there is an estimate

Ag Z e [l < Cs(qM Z eikx

kep(s) q kep(s) q

So, in the end we get

—iZBsignk i
P(lkle 2Pk ¢
kep(s)

K P(2%) Z etkx
kep(s) q
Further, by using the last estimate and the well-known

relation (see, e.g., [4])

1
elkx - 25(1_5)' 1< g < oo,
kep(s) q
we get

I 85(Fy) llg< 1/1(25)25(1‘3). ©)
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Combining relations (2) and (3), we can write

> a(m)|| « (Z (22070

szl szl
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By the condition of the theorem, there exists & >

1
0such that the sequence ()t @ “does not increase.

Hence, we can write
En(Fylg <L K

1
« zp(zl)zl(l_%“) (Z 2‘qu>q «

szl
« 1/;(21)21(1‘3) = 1,1}(m)m1_%.
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and
T, . )
F(x,B) = |k|~2e 2Pk gikr,
k€eZ\{0}
Consider the quantity
J=Fy =t F, = Sp(F) = (Fy, F, — Sin(F)) —
—(t" F, = Sp(F2)) = (Fy, F, — Sp(F)).
On the one hand, by Holder's inequality, we can write
J<IFy—t" llgh Fy = S (F) llgr=
= ELn(Iip)q Il F; _'S}n(Fé) "qn
where 2+ =1,
) a @
Since (see, e.g., [3]),

1
Il Fy = Sm(Fy) g 2 m(23),

Now consider the case 2 <gq <oo. Applying then
Littlewood—Paley Theorem and the  Minkowski —m(2-1)
inequality, we obtain J K En(Fy)q2 v @
On the other hand, for the value of J we can write
FEDILACH] IEl DILXCH] I J>» Y kDK >
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Next, using (3) and_repeating the considerations made
for the case 1 < g < 2, we obtain the required estimate

1
Em(Fp)g K p(m)m' 4,  2<q<oo.

Thus, the required upper bound is established.

We now determine the lower bounds. Let t* € T,, be
the polynomial of the best approximation of the function
Fy(x, ) inthe space L,, 1 < q < oo, that is

Em(Fy)q = Inf Il By —t llg=Il Fyy — t* llg,
tE€T,

where p* (1) = {k: 2" < k < 24}
Taking into account relations (4) and (5), we obtain

Y2 K J L Em(Flp)qz‘m(Z‘%),
thus

1
Em(Fp)q > p(m)m’ 4.

The required lower bound is established, which proves
the theorem.

Conclusions. We establish the exact order estimates of
the best approximations of periodic functions that are
analogues of the Bernoulli kernels in the space Lg,1 <
q < .

The assertion of Theorem for Y (|k|) = k|7, r > 1 —
%, 1 < q < oo were established by Temlyakov V. N. [3]
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