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Abstract. The definitions and properties of fundamental solution for nonlocal multi-point in time problem for evolution equations with
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Introduction. A rather broad class of differential equa-
tions with partial derivatives are linear parabolic and B-
parabolic equations, whose theory originates from the in-
vestigation heat equation. The classical theory of the Cau-
chy problem and boundary-value problems for such equa-
tions and systems of equations is constructed in the works
of I.G. Petrovsky, S.D. Eidelman, S.D. Ivashyshen, M.I.
Matiychuk, M.V. Zhytarash, A. Friedman, S. Teklind,
V.0. Solonnikov, V.V. Krehivsky and others. The Cauchy
problem with initial data from the spaces of generalized
functions of the type of distributions and ultra-distributions
was studied by G.E. Shilov, B.L. Gurevich, M.L. Gorba-
chuk, V.I. Gorbachuk, O.l. Kashpirovsky, Ya.l. Zhyto-
myrsky, S.D. Ivashyshenym, V.V. Gorodetsky, V.A. Lito-
vchenko, etc.

A formal extension of the class of parabolic type equa-
tions is the evolution equations with pseudodifferential op-
erators (PDOs), which can be represented as A =
171 [a(t,x; 0)l,,], {x,0} cR" t>0, where a is
a function (symbol) that satisfies certain conditions, I, ™!
is a direct and inverse Fourier or Bessel transform. PDOs
include differential operators, fractional differentiation and
integration operators, convolution operators, Bessel opera-
tor B, =d?/dx*+ (2v + 1)x"1d/dx, v>-—-1/2,
which in its structure contains the expression 1/x and for-
mally represented as B, = F}[—0?Fp, |, where Fy, is
the integral transformation of Bessel and others.

Today, in the theory of the Cauchy problem for evolu-
tionary pseudodifferential equations in questions of the
correct solvability of the Cauchy problem, the image of the
solution in the case where the initial conditions are ele-
ments of different functional spaces (in particular, the
spaces of generalized functions), significant results are ob-
tained, native and foreign mathematicians (M. Nagase, R.
Shinkai, C. Tsutsumi, Yu.A. Dubinsky, S.D. Eidelman,
M.V. Fedoryuk, Y.M. Dryin, V.V. Gorodetsky, etc.).

One of the generalizations of the Cauchy problem for
partial differential equations is the nonlocal multi-point in
time problem, where the initial condition w(t,)|;=o = f IS
replaced by the condition ¥, a,u(t,)l¢=¢, = f, where
to=0, {t;,....t} < (0,T], {ag, @y,...,an} € R, me
N — are fixed numbers (if ¢y =1, a; = a, =...= a,, =
0, then obviously we have a Cauchy problem.) Nonlocal in
time problems refer to nonlocal boundary-value problems
for equations with partial derivatives. Nonlocal problems
arise when modeling different processes and practices of
boundary-value problems for equations with partial
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derivatives with nonlocal conditions (see. eg., [1, 2]).

Many mathematicians have been involved in the study
of nonlocal boundary value problems using different
methods and approaches (see, for example, [3-11]).
Important  results were obtained concerning the
formulation, correct solvability and solution construction,
and the conditions of regularity of boundary conditions
were formulated for important cases of differential
operator equations.

This paper investigates a nonlocal multi-point in time
problem for evolution equations with pseudodifferential
operators constructed at variable symbols by Fourier
transform. The analytic function of a pseudodifferential
operator symbol character makes it possible to understand
such an operator as an infinite-order differentiating
operator with variable coefficients acting in a certain space
of analytic functions. This gives a definition of the
fundamental solution of the specified problem and
investigates the properties of such a solution, establishes
the solvability of the multi-point problem. An integral
image of the solution is found.

Previous data. Consider the function w:[0,+o) —
[0, +o0), which is continuous and increasing, with w(0) =
0, lim w(x) = +oo. Set O(x) = Jy w(&)dE for x > 0.

The function Q has the following properties:

1) Q is a differential function increasing by [0, 4+0),
and Q(0) =0, xEerQ(x) = +o0;

2) Q is a convex downward function [12, p. 8], that is

V{xy, x5} € [0, +00): Q(x;) + Q(x2) < Q(x; + x2).

We define the function Q on (—oo,0] in an even way.
Next, consider the function u: [0, +00) — [0, +00), which
has the same properties, like the w function. Set M(x) =
Jo u(®dé , M(—x) =M(x) for x=0. Using the
functions M and Q, B.L. Gurevich [13] introduced a
series of spaces, which he called spaces W . Here are
definitions of some of these spaces.

The space W, is constructed by the functions Q and
M and is defined as the set of integer functions ¢: C — C
that satisfy the inequality |@(z)| < ¢exp{ —M(dx) +
Q(by)}, z = x + iy, with some positive constants ¢,d, b,
dependent only on ¢. W3 can be represented as a union
of count-normalized spaces W,\ff where W,\%cf consists
of those functions ¢ € W, for which the inequalities

lo(x + iy)| < cexp{~M(ax) + (by)},

z=x+1iy €C,
where a is an arbitrary positive constant less than a and
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b is arbitrarily constant greater than b. If for ¢ € W,\?;f
we set
llellsp = suplle(2)] x
Z€eC

x exp {(—=Q((b + p)y) + M(a(1 - §)x)}],
{6,p} c{l/n,n =2},
then with these norms the space W, becomes a
complete perfect countable-normalized space [12, p. 16].
Combining the spaces W, overall a = 1,%, ..and b =

1,2, ... matches the space W

The spaces W are taken by the Fourier transform to
spaces of the type W. To state a related assertion, we
introduce the notion of Young dual functions.Let M (x)
and Q(y) be functions defined via the functions u(¢) and
w(n) respectively. If the functions p and w are mutually
inverted, that is, u(w(n)) =n and w(u(€)) = &, then the
functions M(x) and Q(y) are said to be Young dual.
Examples of mutually dual functions are the functions

M(x) =xP/p, Q(y) =y?/q, 1/p+1/q = 1.

We denote by W;7(R) the set of functions given by R,
which are narrowing functions from W, by R. The
correct formula is [12, p. 32]: F[W(R)] = = W, (R),
where F is the Fourier transform, Q, and M, — functions
Young dual to the functions M and , respectively.

For arbitrarily fixed a, 8 > 0 we set

SER) = 5P = {p € C*(R)| 3¢, 4,B >0
vi{k,n} cZ, Vvx € R:
lxkp™ (x)| < cA¥B™kken"A),

The spaces introduced can be characterized as [14, p.

210]. The spaces Sf are non-trivial at a + 8 =1 and

form dense sets in L,(R). Sf consists of those and only

those functions ¢ € C*(R), the inequality

lp™ (x)| < cB™n™ exp(—alx|*/*),n € Z,,x ER,
hold with some positive constants ¢, a, B dependent on

the function ¢.

If 0<f<1and a=>1-p, then Sf consists of
those and only functions ¢ € C*(R) which analytically
continued in the complex plane and satisfying inequality

lo(x + iy)| < cexp(—alx|"/* + bly|Y =),
c,a,b>0.

Note that S¥ = w2, where M(x) = x/%, Q(y) =
y/ABo<a<1,0<pf <1, a+f =1

The spaces of Sf by Fourier transforms are reflected in
spaces of the same type, namely, the formula is correct [14,
p. 245]: F[S] = Sg.

Problem statement. Consider the function a(t, x; o)
given by [0,T] x R x R which satisfies the conditions:

1) a(t,x; o) is a continuously differentiating function
of the argument t € [0, T] (for fixed x,0); a(t,x;0) isa
continuously differentiable function of x (for fixed t, o)
bounded by R;

2) for fixed t, x, the function a(t, x; ), as a function of
variable o, permits analytic extension into the whole
complex plane, while

Ve>0 3¢, >0 Vo+iteC:
la(t,x; 0 + it)| < c, exp{M (o) + Q(e1)},
v(t,x) €Nl =[0,T] xR
(ie, a(t,x;") multiplier in W space);
dc,a,b > 0:
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lexp {a(t, x; 0 + iT)}| < cexp{—M(ao) + Q(b7)},
V(t,x) € Iy
(ie, exp{a(t,x;")} € Wi).
We also consider that M satisfies the condition: 3¢, >
0Vx € R: M(x) = co|x|%, with fixed parameter a > 2.
Consider the pseudodifferential operator A, constructed
by a symbol a(t, x; 0):
(AY)(x) = F o la(t, x; g)ana[w(x)] (0)](x),
vy € Wy, ' (R),
where M;, Q, — functions Young dual to the functions
M and Q, respectively.From the properties of the
functions a(t, x; ), it follows that Ay € K(R) for
every t € [0,T], where K(R) is a normalized space
consisting of continuous functions ¢ bound for R with
[l@|] = sup|e(x)|. Note also that A can be understood as
x€R

the operator of differentiation infinite order (see. [15]), ie
A=3Y7, ck(t,x)(—iD,)* , provided that a(t,x;o) =
Y% o ck(t,x)ak is the Taylor series of the function
symbol a by the variable ¢ (at the fixed ¢, x).

Inthe band I'; = {(t,x):0 <t <t <T, x € R}
we consider the problem of finding the solution of the
evolution equation

ou(t,x) /ot = Au(t,x), (t,x) €ell'y, (1)
which satisfies the conditions:
u(t,x) = uy(t, x) + u, (¢, x),
m

e lim  (t,%) - kz pilim s (6,3) = (@), (2)
lim u,(t,x) =0,(3)
t->T+0
at each point x € R for the fixed function @ E
Wyl®R),  meN, (...t} C (0,40)
{ty,....tm} € (1, T] are fixed numbers, and u>
mYpe; U 0<1t<t; <..<t, =T. Problem (1)-(3)
is called nonlocal m-point (multi-point) in time problem
for equation (1).
Main results. At a fundamental solution of the problem
(1)—(3) we understand the function
Z(t,x1,8) =V(t,x1,) + It x1,8),
(tx)ell's, 0<t<t<T, (€R,
which has the properties of:
VLZ(t,x;7,¢) =0, L =L(t, x;A,0d/dt):= =a/
dt — A, ie Z, as a function of (t,x) (at the fixed ,¢§) is
the solution of equation (1);

2 ulim, [ Vs 06 -
R
—Z Hy lim J V(t,x;7,9)e§)dé = p(x),
k=1 - k]]g

Jim [ 16 0@ = 0

R
at each point x € R for an arbitrary function ¢ €

Q
Wy, (R).

To construct the function Z, we use the Levi method (by
parametrix). To this end, we fix a(t,x;0) at (t,x) =
&, x€[r,T], £ €R and consider the m -point
problem for evolutionary equations with constant symbol
a(x,§;0):

L(x,&A,0/0t)v(t,x) =0, (t,x) €'y, (4)
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p Jim v(t,3) - kzl Helim (e, ) = (o), (5)

@ € Wy (R).
Solution v € Cl((r,T],W,\zl(R) of problem (4), (5)

will be sought by means of the Fourier transform. We find
directly, that

v(t, x) ==ﬁ!

where
G(t —TX X E) = FU_—}x[Q(t -TnX 6! O-)]v
Qt—1,x¢,0) =exp{(ty —1)alx,§;0)} X

X (u - Z weexp{(tx — Da(x, & 0)}>
k=1

The properties of function G depend on the properties
of function Q, since G = F~1[Q]. Using the results
obtained in [16, p. 192], we come to the statement that there
exists c,a, b > 0, which are independent of ¢, t, y,¢ such
that for @ and its derivatives (by the variable o) estimates

Gt—1,x—w;x,5p(wdw =

G(t —T,X X f) * (p(X),

are valid
be\"
ID20( ~ 28,0 < o7 e e, (g)
n
ne€zZ, o€R,
where p,, is a solution of the equation cw(c) =n, n €
Zy, w=10Q"\

Due to the Stirling formula
n! =2mnn"e"e?/(12M) 0 < § < 1. Then, using (6)
and the estimate M (o) = cylo|% o € R, find that

a
|DIQ(t — 1, x:¢,0)| < ceV2m [q (g)q <l;_e> X
a

X exp{—(t — 1)y|a|*} <
< ¢bq%exp{=Co(t — 1)|0|*}, q € Z,,

where ¢, = cc,ev/2m (the properties of the sequence
{pq,q € Z.} are taken into account here; see [16, p. 168]).
We are directly convinced that the true inequality

|lo¥exp {—c;(t — D)]0|*}| < (¢ — )/ *BFEM/,
keZ,,

where cj = é,/2, B = (aé,’'e)™V/<.
inequality follow the estimates

lo*D3Q(t =7, x:€,0)| <
< ¢, B¥(t — 1)/ |k/apaga x
x exp{—co(t — D]o]}. (7)

Based on the estimates (7), we conclude thatat t >t
the function @, as a function of the argument o, is an
element of the space S} ,.

Next, we use the ratios

xIDEF[p](x) = i**9F[(0*p(0))@] =

From the last

=0 [ (@ p(a)@eds,
R
(k,q} € Z,, @ €Sl
Consequently,
XIDEG(t — 1, x,§) = 2m) ™M (=11 x

X J (O-kQ(t -17,x5¢, —g))(Q)e—ixadO_.
R

From the results given in [14, p. 243] implies that the
double sequence my, = kk/%qq | {k,q} c Z, , satisfies
the inequality

kq

Myg_1g—
——A2 <y(k+q), v >0
kq
Then, applying the Leibniz formula for the product
differentiation of two functions, the estimate (7) and the
last inequality we find that

I(c*Q(t —7,x;§,—0) | =
q
- Z CP(a)PQUP(t —1,1;,~0)| <
p=0

< |okQW(t — 1, x;&,—0)| +
k(k—1
+kq|0_k—1Q(q—1)(t —-1,0&—0)|+ 7( 5 )
xq(q = D" QU (t —1,x;§,—0)|+...<
< ¢ [B¥bImy, (¢ — 1)K/ +
+kqB* b my,_y 4 (¢ — 1)~ *TD/@ 4
k(k—1
k-1
2
X (t — 1) 6D/ag | Je~eot=Dlol* <
< ¢,B¥bImy, (t — 1) /% x

q(q — 1)Bk_zbq_zmk—z,q—2 X

Tl/tx mk—l,q—l 1 TZ/a
Mg ke T Yo
X g KTLATL ( _y(q — 1) K242 4y
kq mk—l,q—l
x e~Cot-Dlol% <
k 1/a
< ¢;B¥bImy, (t — 1) @[l + ¥ k+q) +

272/
y°T e (-0l
oo pege (kT @M Je eI <
< ¢, BEDI My (t — 7)K% e~Co(t=Dlol" =
= ¢,B¥pI(t — 7) K/akk/agae=co(t=Dlal",
where B, = Be?T"/“/(®B) p = peyT"/*/®B),
Consequently,
|xID¥G(t — 7, x,6)| <
X X
< ¢,(2m) ' Bfb{ (t — 1) K/ekK/ g1 x

+

X f exp{—cy(t — 1)|o|*}do <

R
< ¢3BY b (t — ©)" D/ % g, (k, q} C Z,.
Then
IDEG(t —1,x; x,8)| <

<

biq“
< C3Bf (t - T)_(k+1)/akk/ai21f|—q

< ¢, BF(t — 1)~ (k+D/afk/ag=bolxl x € R,k € Z,,
where b, = by1. The following statement is correct.

Lemma 1. The function G, as a function of variable x,
is an element of the space 511/“. For functions G and its
derivatives (the variable x), the inequality

IDXG(t —7,x;x,8)| <
< ¢, BF(t — T)~(k+D/apk/ag=bolxl | € 7., x € R,
holds, constants c,, By, b, > 0 are independent of t —

Tl Xl f
The function
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Gt — 1,3 08) = (21)2 f e
R

—1,x§,0)e *do (8)

is a continuous function of the argument t € (z,T].
Indeed, it follows from (7) that for t >t, >t true
assessment
|Q(t —7,x;§,0)| < cexp{—(t, —T)colol*}, o ER.

From this we already see that the integral (8) coincides
uniformly in an arbitrary band {(t,0): T<t, <t<T,
o € R}, so the function G is continuous at every point in
the interval (t, T]. Similarly, the differentiability of G by
the variable t is proved.

Let G, = G(t —1,x;7,0), @ € WAzl(lR) c S1. Taking
advantage of the continuity property of the Fourier
transform in S spaces and the formula

Flo = Gol = Flo] - F[Go] = Fle] - Qo
Q =0Q(t—1,70,0)
we find that

m
e lim Flp « Gol = > piclim Flp » Go] =

k=1

m
= Flo] (Mtl}ﬂoQo - kZI Hk}f&QO)-

Note that

m
plim Qo= > wilimQy =1

k=1

Then

m
B lim Flp « Gyl = ) i limFlp » Go] = Flo]

k=1
Consequently,

m
wlim (@ * Go) - kz pilim (0 # Go) = .
Since, on the other hand,

0+ Gy = [ 6t —nx=En0pEds,
R
then for an arbitrary function ¢ € W,\?ll (R) true value

‘utE‘g‘f—lO

R
-3 f Gt —1,% — &7, 0)(E)dE =
k=1 R
= 0(x) (9)

at each point x € R. Note that (9) implies a relation

Gt—1,x—¢&1,0)0()dé —

lim
tot

u lim

t->7+0
R

—Zuk 1 | Gt~ 12~ 6T 0eE)dE

k=1 R

= o(x) (10)

at each point x € R for an arbitrary function
Q
Wyt (R).
From the above results we also get that G(t—
T,x — & 1,§), as a function of t,x (for fixed t,£), is the

Gt —1,x—§7,8)e(§)dé -

lim
t-t

(ONS
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solution of equation (1). Therefore, G(t —t1,x —¢&;1,§)
can be taken as a function of V(t,x; t,§).
Let
I(t,T,x) =
t

j du f Gt — mx — & 1w O, E)dE, (11)

T R
where ¢@(t,x) is a function set to [0,T] xR,
continuous on t, ¢(t) € Wy *(R) for every te
[0,T]. The following statement gives the formula for

applying the operator d/dt to the integral (11).

Lemma 2. The following formula holds:

aI(t, T, x)
at
t
= [ du [ 560 = nx = Em PG E)dE +
T R
+o(t,x). (12)

Proof. Consider the family of functions {I,(t,,x),

0 < h <t -1}, where

S

I(t,7,x) =
t—h
=f duja(t—u,x—s;u,syp(ﬂ,f)dfz
T R t—h
= f gt p,x)du,

T

gt x) = f Gt — i x — & 1, E)p(u, E)dE.

R
Applying the Lopital rule of differentiation of integrals
depending on parameters, we find that

t—h
alh(t’r’x)—f 0 t du+g(t,t—hx) =
T = atg(,u,x)u g, ,X) =

t—h Ta
:] dujaG(t—u,x—E:u,f)¢(ﬂ,€)d€+

T R

+f Gthyx —&t—h&e(t —h&)dE.

R
We prove that {I,, 0 < h <t — 7} coincidesat h = 0
with the function I(t,t,x), and {%f’, O<h<t-—

r} coincides with h — 0 uniformly with respect to t the
right side (12). Then, using the corresponding theorem
from the mathematical analysis, we obtain that the function
I(t,T,x) is the differential of t, thus the equality (12)
holds.

From Lemma 1, the estimate follows

Gt —px—&udl <
< ¢o(t — )M exp{—bo|x — &I},
Since sup |o(w, &)| <c, V¢ € R, then
UE[O,T]

f|6(t—u,x—f;u,f)| N ©)1dE <

R

< &(t—p) Ve j exp{—bolx — [} dé =
R
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= (-,

¢ =c f exp(—bolyl}dy = 26,b5".

R
Hence we get that

T

|I(t, T, x) —I(t,T,x)| < f (t—w) Yedu =

t-h

hl—l/a
= , 1-1 0, 2,
1-1/a Ja > a>
that is }linalh(t, 7,x) =I1(t,7,x). Let

Bh(tﬂx)::
t—h
[ au [ L6 -px—Emewod
_f uu{at( wx = & u O s,

Tt Bt x) =
fuf
R

| @

G(t —ux— f; u, f)@([l, f)df

(o)

t

T

Since

aG . = (2 -1
a (t—,u,x—f,,u,f)—( T[) X

t-h

X f a(u,&0)Q(t — u,u; &, 0)e”0=94d¢,

T
then, taking into account the method of estimating |G|
(see proof of Lemma 1) and the properties of the symbol-

function a (see condition 2)), it is found that
0
— — — & <
|at6(t wx—&ué)| <

<co(t— W Vexp{-alx— ¢}, (13)

where constants cj, @ > 0 are independent of u,&; in
A=

this case, for the integrand
la(u, & 0)Q(t — u, u; &, 0)| the inequality holds

A < bexp{M(ec) — M(a(t — u)o)}, where £ > 0 isan
arbitrarily fixed parameter. The convexity property of M

implies inequalities
exp{M(eo) — M(a(t — w)o)} <
< exp{=M((a(t —p) —€)o)} =

a a
= exp {~M (5 (t = W)0)} < exp{—do(t ~ )01},
if we set € = a(t — ) /2. Further proof of (13) is carried

out under the scheme prove estimates for the |G]|.

Taking into account (13) and the
sup|e(u, &)| < ¢ find that
wé
d
f|aa(t—u,x—f;u,f) o OldE <
R

< L(t—p)~ve,

where constant L > 0 is independent of ¢, u, x.

follows that

1Bt ) — B(t,0)] < L f (t — ) Vedy =
h

th—l/oi_

= — 0
1-1/a
at h — 0 uniformly with respect to t.

From the results given in Lemma 1, it follows that for

G(h,x — &t — h,§&) the estimate is correct:
1G(h,x =&t — R, §)| < ch™/“exp{—bo|x — ¢},

inequality
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which is uniform with respect to t. Hence, from relation
(10) (which should be considered p =1, y; =...= y, =
0) and the continuity properties of functions ¢(t,x) by the
variable t implies that

[ 6tz =gt =h o0t - hOdE - p(ex)
R
h—-0,
is uniform with respect to t. This proved that the family
of functions {dI,/dt, 0 < h <t —71} coincides with
h — 0 uniformly respect to t to the right side (12). The
proof of the lemma is complete.
Further operator A in equation (1) we understand as an
operator acting from the space X in K(R), where the
symbol X denote the space consisting of functions ¢ €

Wiyt (R) with norm | ||| == sup[y (o)l

Lemma 3. 1. Let ¢(t,x), (t,x) €[0,T] X R, be a
function, continuous on the variable t, ()€

WAfll(IR). The following formula holds:
t

Al(t,T,x) =fd,ujAG(t—u,x
T R

—&w e $Hdé . (14)

2. The estimate for AG is correct

[AG(t —px — &)l <
<c(t—p) V%xp{—alx—¢&|}, t>u=0,

constant ¢,a > 0 is independent of ¢, u.

The proof of Lemma 3 is carried out according to the
scheme of proof of Lemma 2.

On the basis of Lemmas 2, 3, we conclude that with the
above restrictions on the function ¢ the following formula
holds:

t
LI(t,T,x) = fdy X

« f LG(t — i x — & 1,8, §)dE + o(t, %),

R
the LG function satisfies the inequality
ILG(t —T1,x — &1,8)| <
< c(t — 1) Y% xp{—alx — &}, (15)

where c,a > 0 is independent of ¢, 7, t > 1.

Let us now proceed to constructing a fundamental
solution of a multi-point problem for equation (1); this
solution looking as the sum of:

Z(t,x;1,8) =6t —1,x—§&1,8) +T(t,x;1,8),(16)
(t,x) € 'y, where
I(t,x;7,é) =

t
- j du j Gt — px — 1 )P 13 7, E)dr, (17)
T R

G is a function defined earlier. We choose the function
®(t,x;7,&) so that Z, as a function of t,x, satisfies
equation (1). Applying the operator L to Z and taking into
account formulas (12), (14), we find that this will be the
case if and only if

D(t,x;1,8) =Kt —1,x1,¢&) +
t

+fduf K@ —wx;u,m)®wn;t,§)dn, (18)
R

T



where K(t—1t,x;7,§) =—-LG(t—1,x—&;1,&) . The
series

®(t,x;7,) = Z K (t—7,x18), (19
m=1
K, =K, K,(t—1,x;1,&) =
t

- f dp f K(t = B.x; By Kms (B — 7,17, €)d,

T R

is a formal solution of the integral equation (18). We
examine series (19) for absolute and uniform convergence
at 0 <6, <t—rt <T.Tojustify the convergence of this
series, let us evaluate the kernels of K,,,. Note that |K;| =
|[LG| holds (15). To evaluate the kernel K,, we use the
following auxiliary statement.

Let

I(x,6) = f exp{—a(lx —y| + |y — ED}dy.a > 0.

R
For integral I true inequality
1(x,§) < c(e)exp{—a(l —&)|x — &I}, (20)
where 0 < e <1 is a fixed parameter, and c(¢) =
2a 171, Indeed, consider the function ¢ (y) = |x — y| +
|y — &|. We are convinced that it satisfies the inequality
o) =|x—¢&| Fixed 0<e<1. Then

I(x,$) =

= exp{—a(1 - )[x — £]} f exp{—asp(y)}dy =
R

= exp{—a(1 — &)lx — &) f exp{—acly — £[}dy =
= c(e)exp{-a(l — &)|x — £},

where ¢(¢) = 2a~te~1. Taking into account (15) and
(20), we estimate the kernel K,. So,

Ky (t — 7,237, 8)] sf 4B x

X ] |K(t =B, x; Bm| - [K(B —T,m;7,9)]dn <
R

< sz<f(t—ﬁ)'a(ﬁ —1)7*

T R

% e—a(lx—n|+|n—§|)> dp <
t

<t [ - p@ - x

T
x f e—alx=nl+m={D gy <
R
< cc(e)(t—1)"*B(1—-1,1—-2) X

xXexp{—a(l—-¢)|x—=¢|}, 1=1/a; (21)
here used the formula

b
j (t—a)*Y(b—t)Y ldt =

a
=(b—-a)**Y"'B(x,y), Re x>0, Re y>0,
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B(-,) is a beta-function. Taking into account (21), we
estimate the kernel Kj:

t
|[K;(t —1,x;7,8)| < J. dp x

xf IK(t = B,x; B - [Kp (B — 7,3, )\dn <
: <c3c(e)B(1—-21,1—-2) x

x f (t = B) (B — D)2 x

% fe—a(lx—nl+(1—£)ln—fl)dn)dﬁ

R
Introduce: () = |x —n| + |n — &|. Then
|K3(t —1,x;7,8)| < c3c(e)B(1—2,1—-2) x
t

x [~ py s - o1 ap x

x f lexp{—a(1 — £)g(n) — aglx — l}dy
Since gu;(n) > |x —£], then

f e-ai-e0pm-aclr-nlgy < ¢(g)e-at-elr-El

R
where c(e) = [ exp{—aelx —n[}dn = 2(ae)™ . In
addition,

t

| €-p@ - orap -

=(t—-1)*3B(1 - 1,2—-21).
Therefore, |K;| is estimated as follows:
|K3(t —7,%;7,8)] <
<c3c¢2(e)B(1 -1 1—A)B( —1,2—21) x
x (t — 1) **exp{—a(l — &)|x — ¢|}.

Using the method of mathematical induction prove that
Kn(t —17,%,7,8)| < c™c™ 1(e) X
XB(1—-21-)B(1—1,2-21)x

XB(1—-2,3—-31) X ..X
XxB(1—-A(m—-1)—(m—DA)(t-1)" 17 x
x exp{—a(l —¢&)|x —&|},m = 2.
Taking into account formulas
B(z,w) =T(2)I'(w)/T'(z + w)
(T is a gamma-function), T'(1 + x) = xI'(x) we find
that
B(1—-21-2)B(1—2,2-21)B(1 —213-3})..
XB(1l-A(m—-1)—(m—-1DA) =
r(1—A)r1—=)ra—-mnre -2
B r1 -A))raa-2a
It — Nr@ - 30 ..r(m-1)1 -1)

r(4(1-2a)..r(m(1-2a)

rm@a-2a
=1 -A)——, m=>2.
F(m(l - /1))
Thus, for the series Ypo_o K, the following estimates
hold:




Kn(t—7,518)|< ) [Knt—1,578)] <
TZI ZI
<c(t-o) e+ T (OMA - Dt — 1) x

x Z MM (£)(t — T)MID x

o Fm(l -
rm(1 - /1))
<c(t—1)te WSl 4 711 - D)t —1)* %
- rm -2
X Z Cm ¥
F(m(1-2)
m=2
Because of the Stirling formula
1 6
V2m e*x* ze12x, x > 0, 0 < O < 1,we have that
' (wg) o 1
< 0 ) =
I'(mw,) mmwo
9022\/2”@, (1)0:1_/1.
The Iast estimate implies the convergence of a series

-2
Z B =29
r(m(1-2)’
Since, the series Ym_1 K, for 0<8,<t—7<T
coincides absolutely and evenly, and its sum is a function
of ®(t,x;7,¢&) for t > 7 is a continuous function of the

arguments x, &. Set € = 1/2; then inequality holds for @
@, x;7,9)] <

-2 a
< dy(t — ) Pexp {—5 x—¢l}. (@22)
This estimate ensures the convergence of integrals (17),
(18). It follows that the integral in (18) is equal
t

e-a(1-8)lx=¢| <

Cm(e)Tm(l—l) e—a(1—£)|x—€|.

I'(x) =

B =c-c(e)T A

Z fdufK(t—u.x:u.n)Km(u—r.n;r,f)dn =
m=1r

Ez&mdtTXTﬂ

So, @ isthe solutlon of equation (18).
Recall that the correct estimate for |G| is
|G(t —TLX— flrﬂf)l <
< c(t—1)texp{—alx — &|}, 1=1/a, (23)

where constants ¢,a > 0 are independent of ¢,t (see
Lemma 1). On the basis of inequalities (23), (22), (20), we
estimate T'; while in (20) put € = 1/2. So,

t

W@Jﬂfﬂsfdyx
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xfm@—um—nmmnw¢mmnfwms
R
t
Scfa—m*w—n*x
T

x fe—a|x—n|—%m—f|dn dy <
R
< &(t — 1) Pexp {—%lx —el). @9
From estimate (24) implies that for any continuous
bounded on R function ¢ is

[ Irex0.01 lo@las < -2 x
R

a
x f exp {—le - f|}d§ =d,t'"?", 1-21> 0.

R
From this we already get that at every point x € R the
boundary relation holds

lim [ 16.%0.90()d =0,

R
On the basis of the obtained results, we claim that the
function
Z(t,x;1,8) =V(t,x1,¢8) +T(t,x;1,¢),
V(t, 1,8 ) =G6({t—1,x—¢&1,%),
is a fundamental solution of the nonlocal m-point in
time problem for equation (1), and the function
u(t,x) =

fvaxoawa&+fr@xoama&—

=u,(t,x) + uz(t x), (25)

(t,x) € (0, T]XR, @ € WMll(]R), is the solution of this
problem at T = 0. We summarize the results obtained in
the form of the following statement.

Theorem. m -point problem for equation (1) with
parameter T = 0 is solvable in class X, with the solution
given by formula (25); u(t, x) is a continuous function of
x bound for R forevery t € (0,T].

Conclusions. A solution of nonlocal in time multi-point
problem for evolution equation with a pseudodifferential
operator constructed at variable symbols in a class of
bounded continuous on R functions is established. The
definitions and properties of the fundamental solution of
this problem are given.
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