
Fundamentals of the energy model of reinforced concrete elements 

and structures deformation 
 

 

National University of Water Management and Nature Recourses Use, Rivne, Ukraine  

Corresponding author. E-mail: romashkoolena@gmail.com  
 

Paper received 23.08.20; Accepted for publication 16.09.20. 
 

 

Abstract. This article presents a critical analysis of existing models of reinforced concrete elements and structures deformation. The 

most important requirements to the model which could claim a generalized role are formed. The most important provisions of such a 

model have been developed. It is based on the deformation-force model of reinforced concrete resistance to force and the hypothesis 

of invariance in units of volume and potential energy independence of reinforced concrete element deformation from the loading 

mode. At the same time, this hypothesis is presented as an energy criterion for depletion of reinforced concrete elements bearing 

strength, which allows to calculate the total and residual resources of these elements during their long operation. 
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Introduction. Reproduction of the reinforced concrete 

elements and structures real stress-strain state at any stage 

of their deformation has always been one of the main 

tasks of the reinforced concrete theory. Its implementation 

was largely associated with the development or creation 

of a general model of reinforced concrete elements de-

formation. Such a model should be universal and: 

• be based on general assumptions, hypotheses and as-

sumptions of the deformed solid mechanics; 

• have clear criteria for the onset of reinforced concrete 

elements and structures limiting states in real conditions 

of their operation; 

• contribute to the disclosure of internal static uncer-

tainty of the reinforced concrete elements cross-section;  

• to ensure the methodological consistency of all calcu-

lations of reinforced concrete elements and structures for 

limiting states; 

• implemented using both software (numerical) and 

non-software (engineering) calculation methods; 

• provide maximum or complete deprivation of the var-

ious empirical dependencies, parameters and coefficients 

influence; 

• allow to establish not only the actual technical condi-

tion, but also the residual life of reinforced concrete ele-

ments and structures during their long-term operation. 

Analysis of recent research and publications. The 

implementation of most of the above requirements in the 

so-called "force" models [1, 2] was absolutely impossible 

due to the use of concrete stresses idealized rectangular 

diagram in both the compressed and stretched zones of 

the element section. 

"Deformation" models [3-6], due to the use of concrete 

deformation complete diagrams cc  − , in general, 

allow to ensure the methodological unity of reinforced 

concrete elements and structures calculations for limiting 

states, since they are mainly based on general hypotheses 

of deformable solid mechanics. However, when integrat-

ing diagrams cc  −  [3, 4], as well as when using their 

simplified forms [5, 6], the internal static uncertainty of 

reinforced concrete elements cross-section has to be dis-

closed through numerous iterations using software meth-

ods and complexes involving a number of empirical pa-

rameters and coefficients. 

The closest to the reinforced concrete elements gener-

alized deformation model today is the deformation-force 

model [7]. It substantiates why it is impossible to con-

struct a generalized model of reinforced concrete ele-

ments deformation with the help of diagrams cc  −  

alone, even complete ones [8]. The defining element of 

the deformation-force model is not the concrete defor-

mation diagram cc  − , but the state diagram of the 

reinforced concrete element rM /1− , which characteriz-

es its rigidity. This is its main difference from defor-

mation models. However, this model also requires further 

development, especially in assessing the actual technical 

state of reinforced concrete elements and structures and 

calculating their residual resource. 

The purpose and objectives of the research. There-

fore, these studies are aimed at further improving the 

deformation-force model of reinforced concrete elements 

and structures resistance to force effects in terms of calcu-

lating their total and residual (after long-term operation) 

resources. 

Research results. It is known that in the deformation-

force model, the main deformation and force parameters 

of an element state are interconnected by a stiffness func-

tion )1( r//MD= . At the same time, these parameters 

can be combined with each other using another character-

istic - the potential energy spent on deformation of a rein-

forced concrete element in its unit volume 

)/1( rMW =  [9]. Then the methodology for calculat-

ing the total resource of reinforced concrete elements can 

be built using the same parameters of field studies (sur-

veys), which directly or indirectly characterize their rigid-

ity. 

The reinforced concrete elements residual life is usual-

ly calculated by deterministic or variational methods [10, 

11] on the basis of the totality of materials defects, dam-

ages and established strength characteristics visually 

revealed during field examinations. In this case, the de-

formation parameters of the elements themselves are 

generally not taken into account. 

However, it is precisely the deflection f and the spac-

ing rs  and the crack opening width kw , the values of 

which can be measured directly during inspection by any 

instrumental (geodetic, photogrammetric, stereophoto-
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grammetric, etc.) methods, that make it possible to deter-

mine one of the main deformation parameters of a rein-

forced concrete element or structure - their curvature. In 

particular, by the magnitude of the measured deflection, 

one can fairly easily determine the averaging curvature of 

a bending element at any stage of its deformation  

)(//1 2lsfr = ,                                                          (1) 

where s is the coefficient depending on the loading and 

fixing schemes of the element; l  – calculated length of a 

reinforced concrete element. 

In general, the actual resource of a bending reinforced 

concrete element under short-term exposure to full load or 

the potential deformation energy spent on its destruction 

(Fig. 1) can be calculated by the following expression 
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where the deformation r/1  and force M  parameters of 

the element state are interconnected by the its state dia-

gram [12] 
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with the value of the total initial stiffness of the reinforced 

concrete element oD  and the characteristic of its ultimate 

deformability ufufо MrDK )/1(= . 

It is recommended to calculate the defining forcen 

ufM  and deformation ufr/1 parameters of the actual 

limiting state of elements using the deformation-force 

model of reinforced concrete elements and structures 

resistance to force effects and the main provisions of a 

deformable solid mechanics according to the following 

system of generally accepted 

•  static )()( sctcsctc ,,fN,,,fM  == ; 





                               (4) 
•  geometric )(1 sctc ,,fr/ = ;

 
 

•  physical )( cc f  = , )( ctct f  = , )( ss f  =  

 

relations with the addition of its [12] analytical depend-

ence of the element state diagram " )/1( rM − " (3) and 

the function of compressed concrete limiting defor-

mations cu , obtained using the extreme Fermat criterion 

to the state diagram (3) 0)/1(/ =rddM . 

However, when designing reinforced concrete ele-

ments and structures, one should speak not about the 

actual, but about the calculated limit state. It can occur 

long before the physical destruction of reinforced con-

crete elements due to excessive development of deflec-

tions uf  or excessive width of normal crack opening uw  

(Fig. 1), which is typical for the case of reinforcement 

yield. Under such circumstances, the calculated value of 

the averaged curvature of the bending element at the de-

formation limiting stage according to formula (1) will be 

)(//1 2lsfr uu =                                                          (5)  

with a design bearing strength uM  according to (3)  
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Figure 1. To the calculation of the total and residual life of 

reinforced concrete elements and structures: edM , edf , 

edr/1  – bending moment, deflection and curvature of the 

element under short-term action of the operational load; uM , 

uf , ur/1  – calculated values of the bending moment, deflec-

tion and curvature of an element at the limiting stage of its 

deformation under a full load short-term action; ufM , uff , 

ufr/1  – the actual values of the bending moment, deflection 

and curvature of the element at the limiting stage of its defor-
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mation under a full load short-term action; lf , lr/1  – the 

calculated values of the deflection and curvature of the element 

at the time of its examination under prolonged exposure to the 

operational load; ulf , ulr/1  – the calculated values of the 

deflection and curvature of the element at the limiting stage of 

its deformation under prolonged exposure to the operational 

load; ufW , uW  – the actual and calculated value of the poten-

tial energy of the element deformation at the limiting stage; 1W  

– potential energy of the element deformation under short-term 

action of the operational load; 2W , 3W  – the calculated value 

of the potential energy of the element deformation at the time of 

its examination and at the limiting stage with prolonged expo-

sure to the operating load 

 

Then the calculated resource of the bending reinforced 

concrete element under short-term exposure to full load 

(Fig. 1) should be calculated according to (2) by the fol-

lowing expression 
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(7) 

When predicting the residual energy resource accord-

ing to the generalized state diagram (3), the averaging 

curvature of the bending element from the short-term 

impact of the operating moment is determined edM  
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and the corresponding potential deformation energy 
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The increase in the potential energy of the reinforced 

concrete element deformation due to the long-term action 

of the operating load (Fig. 1) at the time of the survey will 

be 

)/1/1(2 edled rrMW −= .                                     (10) 

Then the calculated value of the residual energy re-

source of a reinforced concrete element, taking into ac-

count expressions (7) – (10), will be (Fig. 1) 
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The averaged curvature limiting value of a bending re-

inforced concrete element lur/1  under prolonged expo-

sure to a service load can be predicted by the expression 

./1//1 3 ledlu rMWr +=                                              (12) 

In a similar way, the parameters of the total and residu-

al energy resource of reinforced concrete elements and 

structures are calculated according to other characteris-

tics, namely, by the spacing rs  and the opening width 

kw  of normal cracks. According to the flat sections hy-

pothesis, it is recommended to connect them through the 

materials deformations with the averaged curvature of a 

reinforced concrete element in the design section by the 

following dependence 

dswr ctmrkcl /)/(/1  ++=                                    (13) 

where d  is the element working cross-sectional height. 

Thus current values of concrete relative deformations 

of the most compressed face at loadings long action is 

expedient to predict on expression 

)),(1( 0ttccl  += ,                                                (14) 

where c  are the concrete relative deformations of the 

most compressed face under short-term loads action; 

),( 0tt – the value of the compressed concrete creep 

coefficient for the external load action, duration )( 0tt − . 

Ultimate deformations of tensile concrete can be taken 

according to [13] equal ctkcctm fE /2=  ( cE  – modu-

lus of concrete elasticity; ctkf  – characteristic value of 

concrete tensile strength).

                                   

 

Conclusions. Thus, the proposed energy model of the 

reinforced concrete elements and structures deformation 

is based on one of the main hypotheses - invariability per 

unit volume and independence from the loading mode of 

the potential energy of a reinforced concrete element 
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deformation spent on its destruction. At the same time, 

this hypothesis can be considered as an energy criterion 

not only for the general, but also for the residual life of 

reinforced concrete elements and structures after their 

long-term operation and can be used in the appropriate 

calculation methods development. 
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