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Abstract. The results of the study of axisymmetric bending of round continuous plates on a variable elastic foundation are presented. The 
finite element method used in the LIRA-SAPR software is used as the most universal of the numerical methods. Eight options for calculating 
a continuous round plate (slab) under two fixing conditions and two different laws of changing the coefficient of subgrade resistance are 
considered. In all cases, the results completely coincide with the known results of bending plates that do not have an elastic foundation and in 
the case when this foundation exists and its resistance is constant. It is noted that the discrepancy here is very slight - in the third significant 
digit after the decimal point for deflection at simple support and in the second for moments. With fixing, deflections and moments also differ 
from the corresponding values of the known solutions in the second significant digit after the decimal point. As for the elastic foundation, 
coefficient of subgrade resistance of which varies according to the law of a curved parabola, there are no data for comparison; need an alter-
native method that will allow you to perform similar calculations. To date, such a method (analytical) has already been developed by the 
authors of the paper. Its concept and comparison with the results of finite element analysis will be the subject of our next publication in the 
field of calculation of plates on a variable elastic foundation. 
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Introduction. A plate on an elastic foundation is a design 
scheme for many structures used in various industries. First 
of all, this applies to construction projects, and, in particular, 
to foundation beams and slabs. The study of structures lying 
on an elastic foundation is one of the urgent and most com-
plex problems of the mechanics of a deformable solid. Re-
cently, interest in these tasks has been growing more and 
more in connection with the transition to the construction of 
multi-storey buildings. In design practice, one has to deal 
with cases when the design for one reason or another does 
not fully rely on an elastic foundation. For example, the 
presence of underground utilities, soil erosion as a result of 
pipeline accidents, karst formations in the construction zone 
of the object. In these cases, an elastic bed model with a 
variable bed coefficient is used. There are various models of 
elastic foundation. The simplest is the Winkler model, or 
spring model. For beams on a permanent elastic foundation, 
this model allows you to get the exact solution, but for slabs - 
no. When the elastic foundation is variable, the task becomes 
even more complicated. There is no single approach to a 
universal analytical solution construction. Therefore, approx-
imate calculation methods based on the discretization of the 
system are used. 

Problem formulation. The variable bed coefficient mod-
el allows you to take into account the heterogeneous proper-
ties of the base, both in plan and in depth. Such a model, for 
example, is used in calculating the stress-strain state of the 
foundations of structures lying on subsidence soils. In this 
case, the coefficient of bed is a variable, depending on the 
coordinate in which the settlement of the base is determined. 
Differential equations describing the behavior of such struc-
tures under different types of exposure are equations with 
variable coefficients, the analytical solutions of which are 
extremely rare in scientific publications. 

In this paper, in the general case, an annular plate of con-
stant cylindrical stiffness is considered, which lies on a vari-
able elastic foundation and is under the action of a continu-
ously distributed transverse load.  

Analysis of publications. The theory of calculating struc-

tures lying on an elastic foundation with one or two bed 
coefficients was developed in the works of A.N. Krylov, 
M.N. Gersevanov, P.L. Pasternak, V.Z. Vlasov, B.N. 
Zhemochkin, I.A. Simvulidi [1] and many others. Among 
foreign scientists, O.C. Zienkiewicz [2], C.S. Desai, J.T. 
Christian, A.M. Ioannides etc. had worked on this problem. 

The problem of calculating a rectangular slab on an elastic 
foundation has so far not had an exact analytical solution [3] 
even for the simplest model of an elastic foundation (Win-
kler model). The main problem here is to satisfy the static 
boundary conditions at the edges of the slab. For the problem 
of axisymmetric bending of round plates on an elastic foun-
dation, a solution is proposed by representing the sediment of 
the plate in the form of the eigenfunctions of the differential 
operator of the axisymmetric vibrations of a round plate with 
free faces. This solution is implemented when solving con-
tact problems for ring plates [4, 5].  

The dynamics of round plates on an elastic foundation, 
based on the classical theory of plates, has been studied by 
many researchers [6-8]. In these works, results were obtained 
for practical applications based on analytical and numerical 
solutions. However, most of the work is associated with a 
variable thickness of the plate with constant resistance of the 
elastic base.  

The natural vibrations of a round plate lying on a variable 
elastic foundation of the Winkler type were considered in the 
work of A.M. Doronin and V.A. Soboleva [9]. The coeffi-
cient of the bed base varies according to a power law in the 
direction of the radius. The natural frequencies of oscillations 
are determined by the Kirchhoff theory by the analytical 
method. The basic equation written in complex variables is 
solved by the method of successive approximations. Calcula-
tions for the coefficient of the bed are carried out; it varies 
according to a linear or quadratic law. 

In article [10], free linear transverse vibrations of a circu-
lar plate basing on an elastic Winkler-type foundation are 
considered. A constant radial load acts on the plate. The 
natural frequencies of the plate are determined depending on 
the load parameter and the Winkler constant by numerically 
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solving the characteristic equation. The existence of an addi-
tional oscillation frequency, which depends only on the 
Winkler constant, is established. 

In [11], a model was proposed based on the Winkler theo-
ry, but with a variable bed coefficient, which allows one to 
take into account the inhomogeneous behavior of the founda-
tion. The basic equation is solved using the Galerkin method 
and the possibility of the presence of hard points in the foun-
dation is considered. 

Aim of Paper. The aim of this work is to study the ax-
isymmetric bending of round continuous plates on a variable 
elastic foundation using the finite element method. 

Materials and Methods. Eight calculation options were 
considered - four for a steel round plate and four more for a 
concrete round plate under two conditions of support and 
two different laws of changing the coefficient of bed. To 
solve this problem, the finite element method implemented 
in the LIRA-SAPR software [12] is used as the most univer-
sal of numerical methods. 

Research Results. In the general case, an annular plate of 
constant cylindrical stiffness is considered (Fig. 1), which 
lies on a variable elastic foundation and is under the action of 
a continuously distributed transverse load. Axially symmet-

ric plate bending occurs when acting loads, ( )q r  elastic 

foundation reaction ( )R r  and the conditions for fixing the 

edges are not dependent on the polar angle  . With such a 

bend in the plate, only three internal forces act, namely, the 

radial rM  and circular M  bending moments, as well as 

radial transverse force rQ . 

Here a  and b  ― radii of the outer and inner contour 

circles of the plate, r  ― radial coordinate (0 r a  ). In 

the particular case, with the value 0b= , we will get a solid 

round plate. 

 
Fig. 1. Plate on a variable elastic foundation under transverse 

loading 
 

 

  

Fig. 2. Foundation models 
 

Table 1. Deflections and moments at various coefficients of the bed in a concrete slab with simple support 

Coord., m 

w , mm rM , kNm/m M , kNm/m 

The law of changing the coefficient of bed 

Linear Concave parabola Linear Concave parabola Linear Concave parabola 

0 -0,003947 -0,06593 -0,017122 0,487252 -0,017271 0,492283 

0,085714 -0,003976 -0,06509 -0,016508 0,451607 -0,017036 0,48059 

0,171429 -0,004063 -0,06264 -0,016825 0,3775 -0,016854 0,455318 

0,257143 -0,004206 -0,05877 -0,019370 0,278165 -0,017164 0,419495 

0,342857 -0,004410 -0,05378 -0,024670 0,165684 -0,018200 0,375868 

0,428571 -0,004687 -0,04804 -0,032596 0,052837 -0,020062 0,327456 

0,514286 -0,005062 -0,04193 -0,042260 -0,04885 -0,022710 0,277306 

0,6 -0,005564 -0,03582 -0,051884 -0,13063 -0,025949 0,228202 

0,685714 -0,006227 -0,03003 -0,058716 -0,18743 -0,029408 0,182436 

0,771429 -0,007079 -0,02479 -0,059111 -0,21796 -0,032537 0,141674 

0,857143 -0,008134 -0,02025 -0,048889 -0,22419 -0,034619 0,106912 

0,942857 -0,009376 -0,01647 -0,024044 -0,21034 -0,034830 0,078531 

1,028571 -0,010747 -0,01343 0,018185 -0,18162 -0,032336 0,056408 

1,114286 -0,012131 -0,01106 0,077986 -0,14314 -0,026437 0,04007 

1,2 -0,013354 -0,00925 0,151624 -0,09911 -0,016745 0,028851 

1,285714 -0,014186 -0,00786 0,230399 -0,05268 -0,003373 0,022016 

1,371429 -0,014365 -0,00672 0,300330 -0,00643 0,012910 0,018835 

1,457143 -0,013633 -0,00567 0,342984 0,036187 0,030580 0,018572 

1,542857 -0,011792 -0,00458 0,337644 0,068602 0,047384 0,020383 

1,628571 -0,008776 -0,0033 0,264739 0,078045 0,060494 0,023101 

1,714286 -0,004716 -0,00176 0,110008 0,042321 0,066801 0,024939 

1,8 0,0000 0,0000 0,0000 0,0000 0,067324 0,025409 
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Fig. 3. Dependence of the deflection on the coordinate with 
a linear coefficient of bed  

Fig. 4. Dependence of the deflection on the coordinate with the coeffi-
cient of bed, which varies according to the law of concave parabola  

 

Table 2. Deflections and moments at different bed coefficients in a concrete slab with rigid contour fixing 

Coord., m 

w , mm rM , kNm/m M , kNm/m 

The law of changing the coefficient of bed 

Linear Concave parabola Linear 
Concave parabola 

Linear 
Concave 

parabola 

0 -0,003925 -0,003690 -0,021528 -0,003661 -0,021650 -0,003579 

0,085714 -0,003962 -0,003696 -0,021064 -0,004276 -0,021467 -0,003778 

0,171429 -0,004071 -0,003716 -0,021460 -0,005715 -0,021353 -0,004240 

0,257143 -0,004252 -0,003752 -0,023511 -0,008026 -0,021642 -0,004973 

0,342857 -0,004509 -0,003811 -0,027095 -0,011263 -0,022429 -0,005996 

0,428571 -0,004852 -0,003902 -0,031339 -0,015303 -0,023649 -0,007310 

0,514286 -0,005295 -0,004039 -0,034671 -0,019683 -0,025088 -0,008871 

0,6 -0,005850 -0,004236 -0,034902 -0,023436 -0,026395 -0,010564 

0,685714 -0,006525 -0,004506 -0,029432 -0,024991 -0,027100 -0,012179 

0,771429 -0,007311 -0,004860 -0,015646 -0,022198 -0,026657 -0,013398 

0,857143 -0,008176 -0,005295 0,008444 -0,012606 -0,024504 -0,013805 

0,942857 -0,009056 -0,005792 0,043340 0,005936 -0,020166 -0,012926 

1,028571 -0,009849 -0,006302 0,087085 0,034312 -0,013374 -0,010316 

1,114286 -0,010421 -0,006745 0,134376 0,070885 -0,004206 -0,005686 

1,2 -0,010615 -0,007010 0,176028 0,110209 0,006783 0,000930 

1,285714 -0,010275 -0,006965 0,199085 0,142109 0,018468 0,009007 

1,371429 -0,009288 -0,006485 0,187797 0,151674 0,029123 0,017386 

1,457143 -0,007630 -0,005496 0,125536 0,120643 0,036490 0,024224 

1,542857 -0,005425 -0,004030 -0,002570 0,030360 0,037943 0,027074 

1,628571 -0,002995 -0,002291 -0,206942 -0,134215 0,030741 0,023121 

1,714286 -0,000907 -0,000713 -0,491704 -0,380818 0,012317 0,009540 

1,8 0,000000 0,000000 -0,662781 -0,533254 0,000000 0,000000 
 

Geometrical and finite element modeling of the plate was 
performed in the LIRA-SAPR software. Based on this mod-
el, we consider a series of problems with various sets of 
input data. Namely: we will consider two plates made of 
various materials with simple support along the contour, and 
then the same plates rigidly fixed along the contour. 

The calculations for each of them will be performed with 
two models of the elastic base — with the bed coefficient 
changing according to the linear law and according to the 
law of the concave parabola (Fig. 2). 

Example 1. Concrete plate with contour simple support. 
As a first example, consider a round plate with a thickness 

of 0,12h m=  and radius of 1,8а m= , which is under 

the action of a uniformly distributed load 15q kPа= . 

Material ― concrete ( 71,5 10E kPа=  ;  =0 ). 

Calculation results with the linear law of change in the 
coefficient of bed and with the concave parabola changing 
law are given in Table 1. 

Figure 3 shows the dependence of the deflection on the 
coordinate for a concrete slab simply supported along the 
contour and basing on a foundation, the bed coefficient of 

which varies linearly, and Figure 4 is for the same plate, but 
basing on a foundation, the bed coefficient of which varies 
according to the law of a concave parabola. 

Example 2. Concrete plate with the same initial data as in 
the previous example, but with rigid fixing along the con-
tour. 

 

 
Fig. 5. Load varying along the radius linearly 

Calculation results with the linear law of change in the 
coefficient of bed and with the concave parabola changing 
law are given in Table 2.Example 3. Steel plate with the 
contour simple support. 
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Table 3. Deflections and moments at various bed coefficients in a simply supported steel plate 

Coord., m 

w , mm 
rM , kNm/m M , kNm/m 

The law of changing the coefficient of bed 

Linear Concave parabola Linear Concave parabola Linear Concave parabola 

0 -0,051840 -0,043500 -0,044891 0,117341 -0,045169 0,118254 

0,038095 -0,051886 -0,043378 -0,040827 0,107285 -0,042791 0,112219 

0,07619 -0,052021 -0,043026 -0,031626 0,090531 -0,037327 0,101505 

0,114286 -0,052226 -0,042480 -0,017598 0,072830 -0,028959 0,089493 

0,152381 -0,052475 -0,041780 0,001516 0,057581 -0,017585 0,078173 

0,190476 -0,052724 -0,040967 0,025977 0,047134 -0,003069 0,068982 

0,228571 -0,052922 -0,040070 0,055842 0,042962 0,014647 0,062890 

0,266667 -0,053001 -0,039104 0,090804 0,045812 0,035463 0,060485 

0,304762 -0,052880 -0,038066 0,130044 0,055779 0,059050 0,062011 

0,342857 -0,052468 -0,036936 0,172111 0,072327 0,084790 0,067385 

0,380952 -0,051665 -0,035677 0,214876 0,094281 0,111745 0,076200 

0,419048 -0,050366 -0,034236 0,255547 0,119794 0,138652 0,087718 

0,457143 -0,048471 -0,032550 0,290765 0,146339 0,163957 0,100860 

0,495238 -0,045888 -0,030550 0,316828 0,170771 0,185899 0,114231 

0,533333 -0,042548 -0,028172 0,329994 0,189484 0,202633 0,126183 

0,571429 -0,038407 -0,025360 0,326921 0,198736 0,212410 0,134932 

0,609524 -0,033467 -0,022083 0,305163 0,195101 0,213790 0,138750 

0,647619 -0,027768 -0,018338 0,263721 0,176091 0,205879 0,136214 

0,685714 -0,021408 -0,014160 0,203609 0,140906 0,188584 0,126522 

0,72381 -0,014529 -0,009626 0,128356 0,091235 0,162847 0,109838 

0,761905 -0,007322 -0,004857 0,044400 0,032023 0,130844 0,087639 

0,8 0,000000 0,000000 0,000000 0,000000 0,113384 0,075250 
 

  

Fig. 6. Dependence of the deflection on the coordinate with a linear 
coefficient of bed 

Fig. 7. Dependence of the deflection on the coordinate with the coeffi-
cient of bed, which varies according to the law of concave parabola 

 

Table 4. Deflections and moments at various ratios of the bed in a rigidly fixed steel plate 

Coord., m 

w , mm 
rM , kNm/m M , kNm/m 

The law of changing the coefficient of bed 

Linear Concave parabola Linear Concave parabola Linear Concave parabola 

0 -0,053638 -0,044528 -0,002481 0,127336 -0,003049 0,128078 

0,038095 -0,053641 -0,044396 0,005254 0,119488 0,001502 0,123348 

0,07619 -0,053642 -0,044012 0,022031 0,107524 0,011562 0,115508 

0,114286 -0,053609 -0,043401 0,046279 0,096754 0,026262 0,107696 

0,152381 -0,053492 -0,042592 0,077054 0,090180 0,045085 0,101706 

0,190476 -0,053223 -0,041603 0,113105 0,089543 0,067398 0,098674 

0,228571 -0,052720 -0,040443 0,152660 0,095415 0,092333 0,099139 

0,266667 -0,051890 -0,039101 0,193303 0,107310 0,118722 0,103097 

0,304762 -0,050636 -0,037553 0,231885 0,123724 0,145048 0,110020 

0,342857 -0,048861 -0,035758 0,264527 0,142172 0,169438 0,118884 

0,380952 -0,046482 -0,033673 0,286742 0,159256 0,189701 0,128192 

0,419048 -0,043436 -0,031249 0,293655 0,170775 0,203421 0,136026 

0,457143 -0,039696 -0,028452 0,280355 0,171945 0,208090 0,140134 

0,495238 -0,035278 -0,025266 0,242347 0,157748 0,201313 0,138076 

0,533333 -0,030264 -0,021713 0,176093 0,123444 0,181032 0,127431 

0,571429 -0,024796 -0,017860 0,079588 0,065214 0,145785 0,106078 

0,609524 -0,019101 -0,013833 -0,047097 -0,019097 0,094954 0,072505 

0,647619 -0,013475 -0,009823 -0,201398 -0,129267 0,028977 0,026142 

0,685714 -0,008297 -0,006091 -0,378028 -0,262094 -0,050521 -0,032362 

0,72381 -0,004000 -0,002957 -0,569023 -0,411126 -0,140685 -0,100960 

0,761905 -0,001068 -0,000795 -0,764192 -0,566905 -0,237571 -0,176239 

0,8 0,000000 0,0000 -0,863413 -0,64632 -0,287804 -0,21544 
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As a third example we will consider round plate with a 
thickness of 0,03h m=  and radius 0,8a m= , which is 

under action of load, changing along radius by linear law 

0(1 )
r

q q
a

= −
, where 

0 200q kPа=  ― load intensity in 

the center of the plate (Fig. 5). Material ― steel (
82,1 10E kPа=  ; 0,33 = ).  

Calculation results with the linear law of change in the 
coefficient of bed and with the concave parabola changing 
law are given in Table 3. 

Example 4. Steel plate with the same initial data as in pre-
vious example, but rigidly fixed along contour. 

Calculation results with the linear law of change in the 
coefficient of bed and with the concave parabola changing 
law are given in Table 4. 

Figure 6 shows the dependence of the deflection on the 
coordinate for a steel plate simply supported along the con-
tour and basing on a foundation, the bed coefficient of which 
varies linearly, and Figure 7 is for the same plate, but rigidly 
fixed along contour. 

Conclusions. Thus, using the most universal of the nu-
merical methods - the finite element method - eight options 
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for calculating a continuous round plate (slab) lying on an 
elastic Winkler-type foundation are considered under two 
fixing conditions and two different laws of changing the bed 
coefficient. Modeling and calculations are performed using 
the LIRA-SAPR software package. In all cases, the results 
completely coincide with the known results of bending plates 
that do not have an elastic base and in the case when this 
base exists and its resistance is constant [13]. The discrepan-
cy here is very slight - in the third significant digit after the 
decimal point for deflection with simple support and in the 
second for moments. With rigid fixing, deflections and mo-
ments also differ from the corresponding values of the 
known solutions in the second significant digit after the 
decimal point. As for the elastic foundation, the bed coeffi-
cient of which varies according to the law of a curved parab-
ola, there are no data for comparison; need an alternative 
method that will allow you to perform similar calculations. 
To date, such a method (analytical) has already been devel-
oped by the authors of the article. Its concept and compari-
son with the results of finite element analysis will be the 
subject of our next publication in the field of calculation of 
plates on a variable elastic base. 
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