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Abstract. The existence of a strong solution of the linear stochastic partial differential equation (LSPDE) in the corresponding space
with random parameters is proved. The sufficient conditions are obtained for the asymptotic stability and mean square instability of

the strong solution of the LSPDE.
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Introduction. Deterministic partial differential equations
were considered by many authors, see, for example, [1-3]
and bibliography therein.

Since the concepts of stochastic differential and inte-
gral and change of variables for a stochastic differential
have been introduced and a strong solution to a stochastic
differential equation (SDE) has been defined in the well-
known monographs [4-6] and then propagated to classes
of stochastic functional differential equations [7-9] (see
the extensive bibliography in these studies), it became
possible to investigate an asymptotically strong solution
for SPDE (see, for example, [5, 10-12], etc.).

The further analysis of SPDE involves the construction
of mathematical models of complicated real systems,
which need random parameters to be considered in these
equations (see [6, 7, 12, 13], etc.).

In the paper, we will analyze the asymptotic behavior
of strong solution of LSPDE taking into account random
parameters in the left-hand side [10, 12].

Problem statement. Consider a stochastic experiment

with the basic probability space [1, 4, 5, 7] (Q,fj]F,P),
F={ #At=0} is
u(t,x,@)eR" is given, which is measurable with prob-
ability one in t and X with respect to the minimum o -
algebra Z’([O,T],Rl) of Borel sets on the plane [13]

and for which

filtration, where function

T E{|u (t,x, a))|z}dx <o (1)

—0

for all te[0,T], E{} is expectation [14], and
Tc[O,oo). Denote by M, the space of function
{u (txa))} which possesses the integrability property

().

Introduce the norms [6, 15]:

||u(txa))||2L i zﬂu(t,x,a})rdx; ()

||utxa) _I|utXw|dt (3)

E,(1)= {nutxw)u @

where L

e and Ly

are spaces of functions

{u (t,x, a))} which have the corresponding norms (2)

and (3).
Inspace M ; , itis necessary to introduce the norm

Ju(tx.0)f = E, (et :]usmu(t,x,w)r dx} dt. 5)

Denote

Q(A(¢(@)).a.p)= Zn:iaki (§(e

k=1 j=1

))a‘p’ ()

where A= {akj} isareal matrix composed of ele-
ments a,; € RE.

In space M, consider a subspace M, < M, for
whose elements the inclusion

Q[A,g,%ju(t,x,w)e M, (7)

takes place.
On (Q, AF.P) consider the Cauchy problem for the
linear stochastic partial differential equation (LSPDE)

of A(&(w) gaﬁj (txo) =[Qu],.©
defined by (6),
B={t; (& ()}, . B, (& (@) <R

C E{Cij (53(0)))}{]_:1, Cij(§3(a)))eR1,
& (@),i=1,2,3, are random value specified by the den-

where Q s matrices

where

sity p, (x),i=12,3, (or by the distribution function
F. () =P{w:&(0)<xvxe R}, =123 [14]), W(t,@)
is a one-dimensional Wiener process [11], and & (@),
i=1,2,3, does not depend on W(t,a)).
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By a strong solution of the Cauchy problem (8), (9) we
will understand function u(t,X,@) continuous in

te[0,T] with probability one, consistent with filtra-

tion {j‘t',t e[O,T]}, and such that with probability one

for each pair (t, x) it satisfies the integral stochastic equa-
tion [1, 4, 11]

(@w»
“folete

+J:Q[C ))aﬁ%}i(sx w)dw(s,®) , 10

with the non-random initial conditions (9).

Existence of the solution of the Cauchy problem for
LSPDE (8), (9) in space M ;

To establish the existence of a strong solution of the
Cauchy problem for (8), (9), we will first prove an auxil-
iary result.

Lemma 1 [20]. The Fourier transform in x [1] for func-

tion u(t,x, o)

g %ju(t x,@) =[Qul], +
(& (@),

ju(s,x,w)ds+

v(to,0)= j e u(t,x,w)dx (11)

does not bring it out of the space M,

TR

Theorem 1 [20]. Let the following conditions be satis-
fied for the Cauchy problem (8), (9):

i.) the roots of polynomial

P(A(x).ic)=2Q(A(x),4ic)+Q(B(x), 4,ic)
for an arbitrary xe R" and o =0 satisfy the inequali-
ty ReA(x)<y(0)<0, y(0)=0;
i) vte[0,T] i C(x)=0,,,

tion
(A0 5 2 i+

+Q(B(x),§,%)u%t,x):o (12)

has the solution ULtt,X) of the Cauchy problem in

for any finite

the deterministic equa-

0

ot

L2R1 with the initial conditions

Q(A(x) ﬁ,gjum(t,x)z[Qu%o; (13)

iii.) random variable & (@),i=1,2,3, does not de-

pend on W(t,®).
Then the stochastic Cauchy problem (8), (9) for
C(x)#0,,, has a solution inspace M ;.
Asymptotic mean square behavior of the strong solu-
tion of the LSPDE.
Lemma 2. Let conditions of Theorem 1 be satisfied for

the LSPDE (8), (9). Then:

i.) for an arbitrary matrix c(x)=0,, the inclusion

22

holds
E[Q(C(&(0)).dtic) H(to) <L, ., (14)

ii.) for the corresponding norm of this space, the equal-
ity is true

J(0,+90)

EfQ(c(& (@) dtio)H (t.o) ’

‘LZT
Q(C(&(@)).itic) e
222, |P(irio)f )
Proof. Using condition (i) of Theorem 1, we can calcu-
late

l+x>]E

S(o)- (15)

thI[Q( (53( )) dt,iG)H(t]o-)e—im:|=

1 Q(C(&(w)).itio)
"t P(idio)
and multiplying the left- and right-hand sides of previ-
ous formula by JE{|[]2} we obtain statement (14).

To prove (15), let us apply the Plancherel theorem [1]:
2
lo(c(&(@)).dtic)H (t,a)”l_mm) _

R CECI
_Z_jw P(irio)f 1=8(e)

Multiplying the left- and right-hand sides of the result-
ant equality by {H } we get s(o) in formula (15). m

Theorem 2. Let the conditions of Theorem 1 be satis-
fied. Then:
1) if supS (o) <1, then limE, (t) =0, where

;Xju(t, X,0)

U (t,x,w)EQ[D(é(w)),g,—

for an arbitrary real matrix D;
ii.) if 5(o)>1 on the set  of the positive Lebesgue
measure, then limE, (t)=+o

too

Proof. Since the positive kernel tends to zero as
t — oo, it follows [20] that z(t,o) tends to zero for
S(o)<Lo#0.

If the inequality s(o)<1, in (14) holds, then it can be

easily seen that as t—+oo, the absolute value of the
Fourier transform u (t,x,) tends to zero for an arbitrary

real matrix [19], uniformly with respect to o if
sups(g)<1. It remains to pass to the limit under the sign

of the Lebesgue integral to prove the first part of Theorem
2.
To prove the second part of Theorem 2, it will suffice

to prove that IimTZ(t,a)da:oo , since (14) holds.
t—w

Indeed, let s(o)>1 on the set A of the positive
Lebesgue measure, then |im z(t,o) = +w0, SiNCE 2(t,5)>0-
to+oo

Theorem 2 is proved. m
Problem of the loss of stability of a rod. In [3], the
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behavior of a rod subject to “white noise” is analyzed. Let
the mathematical model of this process be the following
stochastic partial differential equation with the derivative
of the Wiener process that does not exist with probability
one and is called “white noise,” namely:

o°u

8 o
-ala(o >)—2’+b(@(w))¥—
ou 6 u dw(t, w)

—C , (16
with the initial conditions
ou (0,
5(0,%) = ,(x), U(at )t (x) @)
and boundary conditions
ou(t,0) au(tl)
t,0)=u(tl)= = =
u(t.0)=u(tl)=—1 ™
o%u(t,0) d%u(tl)
= = =0. 18
ox? ox’ (18)

a(&(w))>0,b(&(@))>0,c(&(w))>0
with probability 1. Similarly to the discrete case [3], the
statistical stability margin Sa2 with respect to the parame-

Here

ter a(x),vxeR", is determined as the most admissible

intensity of processes with mutually independent values
for which the system is stable in L.i.m., i.e., the solution is
stabilized to zero.

As a result, we can calculate the statistical stability

margin [17] S, of system (16)—(18)

m o“u(t,x

k1k2 Z ( ) atkla;(kz) (19)

with respect to parameters a, (él(a))) , k=k +k,.
I we denote

ﬂ,aa)

Zak o (&))" (i0)"

then the statistical stability margin S, (X) of the
system can be calculated by the formula

Al -(20)

Using the above statement (20), the statistical stability
margin  S(X) with respect to the parameters

a(x),b(x),c(x) of system (16)-(18) is found:

S(x)=

-1
17 c’dA
sup— .[ > >
e 27 % (o* +a(x)o” —b(x)A*) +c(x) A°
=2a(x)c(x), vxe R (21)

Thus, system (16)—(18) is stable in Li.m., for which
S(x)>&* vxeR'

Let the right-hand side of Eq. (16) in system (16)—(18)
be subject to external random disturbances &(w). This

becomes possible if we place the system on a platform
whose inching movement can be described by ¢(§(w))

Then (16) becomes
o'u o o _au
e A gt —C—
OX OX ot ot
6 u dw(t, @) a))
= [0) 22
Using the definition of the statistical stability margin
for system (22), (17), (18), we get

S((p)z

17 o’dA
E{|¢( ) }sgpg! (o +ac? —b/lz)2 |

~E{o()[ | 22c. (23)

Applying the sufficient conditions of stability in Li.m.
from Theorem 2, we conclude that system (22), (17), (18)
is stable in Li.m. if E{¢2(§)}230<1, and is unstable in

l.i.m. otherwise.
Let &(@) have the distribution law

P{w:le}:P{w:gz—l}:%

and ¢(&(w))=¢&(w). Then E{&}=0, D{¢}=1 and
condition (23) coincides with condition (21).
If for the distribution law of &(@) we take the Pois-

son law
k

Plow:é=k}="—¢
and go(f):f, toni EE=DE=A. Therefore, the

condition of stability in Li.m. of system (22), (17), (18)
becomes 2acA <1, and that of instability, respectively,
2acA>1.

Conclusions. The stochastic model of complicated sys-
tems proposed in the paper is apparently the first attempt
to take randomness into account to the fullest extent in the
analysis of real processes described by partial differential
equations whose right-hand sides consider not only diffu-
sion disturbances such as Brownian process [5, 10, 18,
19] but random disturbances of other types as well.
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YcToiYMBOCTD pelieHUsI CTOXACTHYECKOro AudpepeHHATbHOI0 YPAaBHEHUS] B YACTHBIX NMPOM3BOJAHBIX €O CJIyYalHBIMU

napamMeTpaMu
H. B. IOpuenko, B. C. Cuxopa

AHHOTanus. JI0Ka3aHO CYIIECTBOBAHHE CHJIBHOTO PELICHHs JIMHEHHOTO CTOXACTUYECKOTro AnGQepeHINaTbHOr0 yPaBHEHHS B 9acT-
HBIX NIPOM3BOJHBIX B COOTBETCTBYIOIIEM IPOCTPAHCTBE CO CIyJalHBIMH MapameTpamu. IlorydeHbl HOCTaTOYHBIE YCIOBUS IS
ACUMITOTHYECKOM YCTONUMBOCTH U CPEIHEKBAAPAaTUYHON HEYCTOMYMBOCTH CUIBHOTO PELICHHUS.

Knioueswie cnosa: cmoxacmuueckue ouggepenyuansvusie ypagHeHus 8 YaCmublX Npou38o0HbIX, YCMOUNUBOCMb 8 CpeOHeM K8AO-

pamudecKkom, acumnmomudeckas ycmoﬁqusocmb.

24



