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1
Abstract. We construct a s—1 parametric family of continuous purely singular functions (if ¢ #0954, G >0, Eqi =1) with
i=0

self-similar properties using Q -representation of real number that is generalization of classic S -adic representation. We generalize

well-known results and study structural, fractal, self-affine and integral properties.
Keywords: Q -representation of real numbers, inversor of Qg -representation digits of real number, self-affine set, monotone

function, singular function.

Introduction. Many continuous on segment [0;1] func-
tions have fractal properties. For some, it is fractality of
the graph (the graph is a fractal curve of space P ,) [5,

10], for others it is fractality of the level sets [5, 6], and
property of functions to keep dimension of al Borel sets
[3, 11], etc. Among functions with complex local struc-
ture and fractal properties, at present time continuous
monotonic functions [6, 11, 12] and non-monotonic func-
tions [2, 7, 8] are of particular interest. Its theoretical
research is carried out in different directions (topological -
metric and fractal analysis of levels, studying of sets of
different features, structural analysis of graphs, having of
properties of self-similarity, etc.). Along with this, the
functions appear more often in various models of real
objects, processes and phenomena[1].

Rapid development of mathematics led to the necessity
of using different number systems and different represen-
tations of real numbers, in particular, non-traditional ones.
This systems allow us to describe classes of fractal sets,
functions, probability distributions, and investigate ob-
jects with a complex local structure. In this paper we use
one of the following encodings: Q, -representation of redl

numbers 6, 10].

Object of study. In the paper we study function that
depends on the parameter qg,¢,...,qs o, and use for its
assignment is so-called Q-representation x [0,1] [6].
This representation is encoding of number with finite

1) = 1 (A

iscalled aninversor | of digitsthe Q. -representation
of areal number (or simply inversor).

Function denoted by equality (2) is a generalization of
the function | that was investigated in [11, 9]
where s=3, and, as it turned out, is one of the brilliant
representatives of the functions retaining the digit 1
in Qg -representation of the argument [12].

Qs Q

1) = 1A e g ©) T NS taglis-t-ay). [s-1-ay_jlls-L-ay J(s-D) ~

(xp) = 1(AS Qs

Evidently 1(x) =1(x,), thefunction is correctly de-
fined in each Q,-rational points, and hence at each point

alphabet A={0,1,..,s-1} and is generaization of the
classica S -adic representation of real numbers.
Let Qs ={qy,t,-..,qs 1} beordered set of positive real
—1 k-1
numbers such that SZqi =1 fp=0, f=20q;.
i=0 i=0

Theorem 1. [6] For an arbitrary xe[0;1] there exists
asequence (), a, € A such that

= 0 k-1 _ AQS 1
_ﬂ“1+k§ Pey, jl;llq“j T Ragay. o @
The series (1) is called Qg-image of the number X,
and the abbreviated (symbolic) record x = Agiaz o IS
e

called its Qg -representation.
The period in Qg -representation of the number (if it

exists) is denoted by the parentheses. There are numbers
that have two Qq -representation. These are numbers with

period (0) or (s—1), moreover
Q _.Q
Acf. -Cm1m©@ - Acf. - Cpglem=(s-)
These numbers are called Qg -rational, set of Q-

rational numbers is countable. The rest of the numbers are
called Qg -irrational.

Definition 1. Function defined [0;1] by equality

_ 3
al(x)az(x)...ak(x)...) - A[s—l—al(x)][s—l—az(x)]...[s—l—ak(x)]... ! (2)

Research results. Since Q. -rational numbers have
two digtinctly different representation, there is a need to
justify the correctness of definition of inversor. Let for
different Qg -rational meanings

= QS = QS
X = Aalaz...ak_lak(o) - A0510:2...ozk_]_[ozkfl](sfl)

function, respectively, acquires the meanings:

= X2

ﬁs—l ﬁq - IEICt
1- Us 1 j=1 S—l—zxj] =) S—l—aj IE

k

1a2...ak_l[akfl](sfl)) = A[s—l—al][s—l—azl..[S—l—ak_l][s—l—ak](o) = EquS—l—a il

of the segment [0;1] .
From these considerations, the following statement is
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evident.
Lemma 1. For the growth of the
Q Q Q
H (Aclscz...cn )=1 (Acfcz...cn(s—l))_ ! (A(‘lscz...cn(O)) of the
function lin the cylinder
A% = [AQS A% ] equality
€G- Cpy clcz...cn(o) ! clcz...cn(s—l)

Q n
ATS =- .
w ( °1C2“'Cn) jl_:IlQ[s—l—cj]

Theorem 2. Inversor | of digits of Qg -representation
of real number [0,1] isa function that:

1) have continuous line at each point of segment
[0;1] and acquires all values fromthis range;
2) is gtrictly monotonic decreasing on a segment [0;1] .

Proving. 1) To prove continuity it is enough to show

that for an arbitrary
holds |im | f(X)- f(xp)EO.
X—)XO
The proof will be carried out separately for cases
where x, isa Q,-rational and Q -irrational number.

Let xg be some Qq-irrational number. Then, for an ar-
bitrary number xe[0,1] such that x— x, it is possible to
specify cylinder of rank n=n(x):

aj(X) =aj(xg) where j<n,

{ an(X) # an(Xo),
and the condition x— X, is equivalent to the condition
n—o . Then

point %o €[0;1]

(%) = A
X0 [s—l—al(xo)][s—l—az(xo)]. . .[&l—oxn_l(xo)][s—l—ozn(xo)][s—l—ozm_l(xo)]...[s—l—o:n+k (xo)]... !

1(x) = A% .
[s—l—al(x)][s—l—az(x)]...[s—l—anfl(x)][s—l—an I s—l—an +1( x)]..[ s—l—an Tk x)]...

© i-1 0 i-1
1(X)—1(X = z S H —a: - Z —a: H —Q; =
(¥)=1(xXo) i:n(,b'[s,l I(x)]j:lQ[&l J(x)]) i:n(ﬂ[&l I(xo)]j:1q[&1 ](xo)])

n-1 n-1
< jl_:[1Q[s—l—aj o (Bs1 + Psalsa+..) = jI;[lq[s—l—aj Ol < MaX{0o, G-+, Gs 1} >0 where n— oo,

which proves the continuity of the function 1 in the
Q -irrational points.
The case when xq is Qg -rational number is reduced to

the previous one. To prove continuity of function 1 on
the left, it is necessary to use Q,-representation of the
point x, with period (s—1), and to theright isto use Q-
representation of the point with period (0) .

2) We prove that the function is monotonic decreasing
on [0;1] .

1)~ 1 (%) = A‘fs

s1-as1-aP] s 1-aP1..

Let us consider two numbers x =a%

aWa o®.

2 .“an
_Q . e
%A% o g AR Then exists a positive integer
Fax?) e
k such that:
a{l) = al(z) =aq, agl) = aéz) =ay,..., al((l_)l = al((z_)l = a4, but

algl) <a|((2) .Then s-1-a® >s-1-o and

A% 2 2 2,
[s-1-aP s 1-aP]. [s1-a2)..
k-1

= + +..— - - 1.1 >0.
{ﬂ[sla@] Alera®Ysaa® " Plera® Plera@)Yeaa@ j}}ﬁls e

Conseguently, if x <x,, then 1()>1(xy), that is,
the inversor of digits of Q. -representation of area num-
ber is a monotonic decreasing function on the segment
[0;1] .o

Definition 2. Different from a constant continuous
function of bounded variation, the derivative of which is
almost everywhere (in the sense of Lebesgue measure) is
zero, iscalled singular.

For any continuous function of bounded variation

The Lebesgue structure of the function | is solved in
the following theorem.
Theorem 3. If ¢, #qs4 i, Where ie A, then the in-

versor | isapurely singular function.

Proving. Since function | is continuous and decreas-
ing, according to the well-known Lebesgue theorem, it
has almost everywhere (in the sense of Lebesgue measure
2) finite derivative. Let A be the set of points x<[0,1]

with exist 1'(x), B be a set of norma numbers [6] in

f(x), Lebesgue's theorem [4, p. 248] states the existence ~ Qs Tepresentation.  Since  Lebesgue  measure
and uniqueness of representation A(A=4B)=1, then A(AB)=1. Let's show that
FO9 = o(x) +1(X), _ G 1'(x)=0 for any x:A?fa . _€ANB. Because xeB,
where ¢(x) is a absolutely continuous function and 172 %
o@) = f(a), and r(x) isasingular function. then vo(¥) =dg, v1(X) =y Vsq(X) =0sq-
Equality (3) is called the Lebesgue structure of the con- Because
tinuous function f(x) of a bounded variation.
Q n
oy i H (Aai(x)az(x)...an(X)j | il;IlQ[s—l—ai] . q(;\'s_l(X,n) .m.qsf'\l_%(x,n)
X) = lim = lim = lim =
o - n oo ~No(xn) N 1(x%,n)
n—> |Aai(x)a2(x)4..an(x) | n—> an. n— qOO .._..q&l&l
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Ng 1 (x,n)— N; (x,n) n

. i Ng_1_j (xn=N; (x,n) g .
=|imi’[‘( q'} —Iimsl'[(q' ) =
n—oi=0\ Us-1- n—oi=0 \ Os-1-j
_ A CEACRY _ Vs G )"
= lim i‘[‘[[q—'] J = lim i‘[:[( 4 ] ] :
n—0i=0 \ Us-1-i n—oi=0 \ ds-1-i
Obviously, for every ieA, it is true Theorem 4. Inversor | keeps Hausdorff-Besicovitch
dg 1.~ dimension, that is, the set and its image have the same
[ Gi ] <1, therefore dimensionif and only if g; =qg 4 ; for all ieA,.
Gs-1-i Theorem 5. The graph T, ={(x,1(x)):xe[01]} of a
Q saf (g % " function | isa self-affine set, namely
I'(Aasa4a )_Ilmn( I ] =0 s-1
172 n—oi=0 \ Us-1-i I :.UO¢' ) =¢@)),
1=

and the function I is a singular function. o e .
We also investigated the fractal and integral properties where ¢ isaffine transformation.

of the inverter 1 which are solved in the following theo- Theorem 6. If s=7 for for Riemann integral for in-
rems. versor |, holds equation:

jl (X)dx=1— 6 + A + 05 + 4qoGy + Godz + Ghd) + 2(%(13 + 00z + Q2Q3)
1-298 - 20 - 293 - o5

Conclusion. In this paper we investigate the Lebesgue  [0;1] —[0;1] , and that function graph is a self-affine set.
structure of the digital inversor, the Q,-representation of  \We aso find conditions when Hausdorff-Besicovitch
numbers, we prove that it is a bijective reflection dimension keepsand calculate theintegral.
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JleberoBcka cTpyKTYpa H CBOCTBAa HHBepcopa nudp Qg -u300paxkeHus AeliCTBUTENbLHBIX YHCE

U. B. 3ampuii
Annorauusi. C nomompto Qg -M300pakeHus JeHCTBUTENBHBIX YMCENl, KOTOPOE SABISETCA OOOOIIEHHEM KJIACCHYECKOTO S -TO

M300pakeHHs, KOHCTpyupyercs S—1-mapamerpudeckasi ceMbsl HEMPEpPBIBHBIX YHCTO CHHTYJISAPHBIX (yHKumid (mpu ycio-
s1
BUH G #0s 1, G >0, Xq =1) c aBromMozmensHBIMH cBoWcTBaMu. OOOOMIAIOTCS W3BECTHBIE PE3yNbTATEl M H3ydaloTCs
i=0
CTPYKTYpHbIC, ppakTaiabHble, caMoaMHHbIE U HHTErpaJbHbIC CBOWCTBA.
Kniouesvie cnosa: Qg -uzobpadicenue Oeticmeumenvro2o yucia, unsepcop yvigpp Qg -usobpasicenus OelicmeumenvHvix uucern,

camoaghunnoe mMHodICECMBO, CUHZYAPHAS PYHKYUS, MOHOMOHHASL (DYHKYUSL.
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