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Abstract. There are considered forced vibrations of the systems of two fibrous concrete beams of rectangular cross-section. Beams 

are joined to each other and to fixed support by four reinforcing rods, simulating connection of girth rails of foundation beams. With 

the aim of result verification that were achieved in experimental way there was given the analytical solution of the problem using the 

method of decomposition by eigenmodes of vibrations. Herewith the system under consideration is approximating as a system with 

two degrees of freedom. It is noted that calculationsб based on proposed approach, had shown good coincidence with experimental 

data. 

Keywords: forced vibrations, frequency, differential equation, fibrous concrete, fiber, eigenmode. 

 

Introduction. In the Odessa state academy of civil engi-

neering and architecture there are performed complex 

tests of different types of fibrous concrete structures [1-3] 

at different types of tests (static, dynamic, eigenvalue 

buckling) at change of fibrous mixtures parameters. There 

are experimentally determined the optimum parameters of 

these mixtures, according to construction functional pur-

pose. During performed tests there were determined the 

cubic strength of steel fiber concrete on the samples of 

100x100x100 mm and prism strength on the samples of 

100x100x400 mm [4]. Herewith the percent of discrete 

reinforcement varied values 0.5%, 1.0% and 1.5%. The 

coarse aggregate size was   10 mm in the first test series 

and   20 mm in the second test series. Processing of 

tests results had shown that the optimum parameters of 

steel-fiber concrete mixture is the matrix with coarse ag-

gregate   10 mm at 1.0% of fibrous reinforcement. 

There was used steel fiber of LLC “Stalkanat-Silur” 

production (Fig. 1) that is manufactured according to Eu-

ropean standard [5]. 
 

 
Figure 1 Fiber with bent ends 

 

The aim of this work is to study the forced vibrations 

of steel fibrous concrete beams. 

Research results. On the base of determined by us op-

timum composition of fibrous concrete mixture there 

were made several types of constructions: beams, arches, 

plates, cylindrical panels and shells with different variants 

of reinforcement – only fiber or combined, using fiber and 

rod reinforcement. 

All of these constructions was subjected to multifacet-

ed tests – static, dynamic and eigenvalue buckling. 

One of the experimentally researched problems are 

forced vibrations of beams of rectangular cross-section. 

During experiments, two identical beams was joined by 

four reinforcing rods, simulating connection of girth 

beams or foundation beams (Fig. 2) and then they were 

subjected to forced vibrations. In this case there were test-

ed beams with 100% fiber reinforcement on the whole 

volume, with fibrous reinforcement of tensed zone to the 

middle of the cross-section height and with combined 

reinforcement with fiber and rod reinforcement. 

Here we will consider the analytical approach to solu-

tion of indicated problem. 

Let the external constraining forces (Figure 2) are 

changing by arbitrary periodic (but nonharmonic) law. 
 

 
Figure 2 External forces scheme 

 

Here 21 , FF … are the constraining forces; 21 ,СС … 

are the summary stiffnesses of connection reinforcement 

rods. 

As it is known, the periodic external constraining forc-

es can be represented as a sum of harmonics. After that on 

the base of superposition principle we can determine 

summary movement as a sum of movements caused by 

every of harmonics separately. As a result the problem 

under consideration is reducing to the problem of forced 

vibrations of the system of fibrous concrete beams under 

the action of harmonic constraining force ptFF i sin=  

(or, that is the same, ptFF i cos= ). 

Let’s consider the solution of this problem by known in 

dynamics method of decomposition by eigenmodes of 

vibration [6 – 8]. 

Movement equations of every of beams (for simplify-

ing of the solution we will consider only two beams; after 

that we will generalize results) has the same form that is 

for free vibrations but with the presence of right part: 
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Solution of system (1) represents the sum of general 

solution of corresponding homogenous system and some 

partial solution of system (1) [9 – 11]: 
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where   – eigenfrequency; ija  – amplitude, at that i  

– mass number, j  – frequency number. 

Addendum part of solution (2), which describes vibra-

tions with eigenfrequency, rapidly decays. The base of 

solution is its second part, corresponding to continuous 

stationary process of forced vibrations. 

Generally speaking, two kinds of solutions satisfy the 

homogeneous equations that correspond to equations (1): 
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Let’s substitute in turn (3) and (4) into homogenous 

equations, corresponding to (1). First of all, we calculate 

the second derivatives of generalized coordinates.  
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and, analogically, 
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Substitution gets two groups of relations that will be 

needed later: 
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Now let’s replace unknown generalized coordinates 1x  

and 2x  by two new functions )(1 tf  and )(2 tf  accord-

ing to equality: 
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where 11a and 12a – arbitrary numbers, related to 

21a and 22a  by relations, that are known from 

eigenmodes of vibrations. 

Substituting (7) into (1), we will get the system of 

equations of new functions )(1 tf  and )(2 tf :  
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(9) 

 

Use of relations (5) and (6) leads to quite obvious sim-

plifications of equation (9): 
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We multiply first of equations (10) by 11a , second by 

21a  and sum them: 
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Coefficients at function 2f  and its second derivative 

represents the orthogonality condition of eigenmodes of 

vibrations and, consequently, are equal to zero. 

This in its turn means that from (11) we will get func-

tion 2f  and its second derivative. We get differential 

equation for function 1f : 
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In analogical way we comes to differential equation for 

function 2f : 
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Conclusion. Thus, this method leads to separate differ-

ential equations (12) and (13), each of which describes 

vibrations of a system with one degree of freedom. 

If fractions in right part (12) and (13) denote through 

1P  and 2P  respectively, the stationary part of solution will 

took a form: 
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After substitution (14) and (15) into (7), we will get 

generalized coordinates of forced vibrations of considered 

system of two fibrous concrete beams: 
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It follows from the above arguments that such separate 

differential equations can be obtained at any number of 

beams, joining each other. 

Calculations, performed on the base of considered 

method, had shown good match with experimental data. 
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