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Teopusi K1accoB KOHEYHBIX TPYII TPEACTABISET  JIOKATbHOH (opManuu JNeXHT (YHKIHMOHAIBHBIA
coOOlf OIMH M3 MHTEHCUBHO pPa3BUBAIOIIUXCS noaxox. Ilycte P — MmHOXecTBO Bcex IPOCTHIX
pasAacjos COBpreHHOﬁ anreopel.  LlentpambHoe  gycen, f - oTobpaxkeHHe MHOXecTBa P BO
MECTO B JAHHOH TCOPHM 3aHHMAIOT QopMaly — MHOXKECTBO BCeX (opManuii KOHEYHBIX TPYIIIL.
KJIACCHl TPYMIN, 3aMKHYTbIE OTHOCHUTEIHHO B3STHS Toria F =(G: G/F.(G)e f(p), mm Boex
TOMOMOP(HBIX o0Opa3oB u MOATPSMBIX P
npousBeneHuil. DyHIaMeHTalIbHbIE PE3YJIbTAaThl O p € 7(G)) — nokanbHas popmanus co CIyTHUKOM
(hopMarusax TPyNHm MpeAcCTaBIeHBl B MOHOTpadusixX f,rme F(G) - G N _-pamukan rpynnst G .
JLA. Illemetkosa [11] 1 A.-H. Cxu6si [7]. P poop
[Ipu uccnenoBanuu GopMaruii KOHSUHBIX TPYIIIT
Ha TIPOTSHKEHHUU TTOCIEAHUX ACCATUICTAN OOJbIoe
BHUMaHUE  yJEISUIOCh  HM3YyYEHHWIO  JIOKAIBbHBIX
(dopMaruii, BBEICHHBIX B paccMoTpeHue B.
lamroiem B 1963 romy [15]. B ocHOBe moOHSTHS

EcTtecTBeHHBIM 0000IIIEHHEM TIOHATHS JIOKATHHOCTH
dhopmaruu SIBUJIOCh MTOHSITHE YaCTUIHON
JOKabHOCTH ( @ -IOKAIIbHOCTH), BBeneHHoe JLLA.
[IemetkoBeiM B 1984 romy [14]. B 1987 rony A.H.
Ckuba BBeN B paccMOTpEHHE MOHATHE N-KPaTHO
JokayibHOM (hopmartuu [8]. [IpuHIMNIMATEHO HOBBIN
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(GYHKIMOHATHHBIA TTOAXO0M K HU3YUCHHIO (hOpMaIinid
onl1 pemioxked B.A. BenepuukoBeiM B 1999 romy
[1]. HauHblii moaxon Oa3upyeTrcs Ha IOHATUU
HampaBiieHUs (OpMaIMi U TIO3BOJSIET TOCTPOUTH
OECKOHEYHOE MHOXXECTBO HOBBIX THIIOB Tak
Ha3bIBaEMBIX @ -BeepHbIX (popmanmii [2]. [Ipu aTom
@ -TIOKaNbHBIE (POpMAIMH TIPENCTABISIIOT OWH W3
BUJIOB (¥ -BECPHBIX (opMmaluii ¢ (PUKCHPOBAHHBIM
HampaBlieHUeM. BaxHBIM BHJIOM (@ -BEEPHBIX
(hopmaruit ABIAIOTCS (@ -cienHaIbHBIE (hopmaruy,
M3YYEHUIO KOTOPBIX MOCBSIIEHA HACTOSIIIas padoTa.

B 1980 romy JILA. IlemerkoBeiMm Ha VI
Bcecoro3HoMm cumMIio3uyme O TEOpUH Tpynn Obuia

nocraBieHa oOuw@as npobnema wusydenus H ,-
kputnueckux ¢opmammii  [13]. Tlyete H -
HEKOTOpBIi Kiacc rpymm, 6 — COBOKYIIHOCTb

dopmanuit, F € 8. ®opmanus F wHaspiBaercs H , -

Kputuueckoi, ecnmu F He comepxkurcs B H, HO
BCsikast coOctBenHast 6 -nondopmanus u3 F

H

Hanpumep, [9]) A.H. Ckuba momyumin omnmcaHue

B

KJ1acce comepxkutrcsi. B cepum pabor (cMm.,

H ,-kpurnueckux ¢opmanmii B cinydae, korga 6 —
COBOKYITHOCTH ~ BCEX  JIOKAJbHBIX  (hopmanmit
KOHeuHbIX rpymm, a H — sokambHas (opmanmst
KJIacCHYeCcKOro tuma. MccnenoBaHueM KpUTHUECKUX
N-KpaTHO @ -JIOKAJIbHBIX (hopMauuii 3aHUMAIUCH
A.H. Ckuba u ero yueruku (cM., Hanpumep, [5, 6]).
B pa6ore [10] u3ydens! kpuruueckue N-KpaTHO @ -
BeepHbIe (OpPMALIUHL.

HccnenoBanuss B TeopuH KJIacCOB KOHEUYHBIX
TPYNN BBISIBWJIM TECHYIO B3aMMOCBSI3b  MEXIY
HNOArPYNIOBBIMU (YHKTOPaMH M KJlacCaMH TPy
[3]. Hycre T MOJI'PYNIOBOH  (DYyHKTOD.
®opmanus F  naseBaercs T -3aMKHYTOM, €ciH €O

BCsIKOM cBoed rpymmoit G popmanust F - comeprxut
U BCe ee B wmonorpapuu [7]
NPEICTAaBICHbl PE3yJIbTaThl O KPUTHYECKUX [ -
3aMKHYTBIX JIOKaJIbHBIX (popmanusx. B padore [4]
MOJYYEHO ONHMCAaHUE KPUTHUYECKHX 7 -3aMKHYTBIX
@ -BeepHbIX  ¢opmauumii. Hacrosmas  crares
MOCBAIICHA W3YYEHHUIO KPUTHYECKHX [ -3aMKHYTBIX
N-KpaTHO @ -CHeUUANbHBIX (opManuil KOHEUHBIX
rpymIL.

PaccmaTpuBaroTCs TOJNBKO KOHEYHBIE TPYIIIBL.
OcHoBHBIE ompeneneHus W O0O3HAUYEHUS MOXKHO
Haiith B [2, 3, 7]. IlpuBeaeM nuimb HEKOTOpHIE W3

T -noArpymnisl.

mux. 3ammces G :[A]B o3Havaet, yro rpymma G
€CTh MOIYNPAMOE MPOU3BENCHUE CBOUX MOATPYNI A
u B, rne A — HOpManbHas moxarpymnmna rpynmsl G.
MOoOHOIUTHYECKON TpYINIION Ha3bIBAa€TCsA IpyMNia,
MMeIoIas €MHCTBEHHYIO MUHUMAJIbHYIO
HOpMaJIbHYIO moArpymmy (monosut). Ilycts P —
MHOJKECTBO BCEX MPOCTBIX YHCEN, () — HEIyCTOe
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NO/IMHOXKeCTBO MHOKecTBa P, G | — Kiacc Bcex
@ -rpym, To ecTh Takux rpymn G, uro 7(G) c w,
rae 7(G) — MHOMXecTBO Bcex MPOCTHIX JeuTesei
nopsika rpynnet G; G . — kiace Beex q' -rpynm;

S

o
Hblil P-hakrop uenrpanen. Yepes G 5, 06o3Haya-

— KJIaCC BCEX I'pYIII, Y KOTOPBIX Ka)KI[LIﬁ TjaB-

eT-cs Kiace Beex Z TPy, TO €CTh TaKMX IPyMM
G, uro K(G)n(Z,)=J, rne K(G) - xnacc
BCEX TIPYyNI, HW30MOP(MHBIX KOMIO3MIMOHHBIM
axropam rpynmnst G, (Z ) — Kmace rpyn, moposk-
JICHHBII POCTOi P-rpymmoit Z ;.

ITycte H u F — kmacewr rpynm. Torma HF =
(G : G umeer nopmanbnyro moarpynmy N eH ¢
G/N €F ). Yepes G obGosnauaercs F -paguxan
rpymmsl G, rie F — Hemycroit kinace @urrunra;
O,(G) - G -paguxan rpymmsi G.

Oyuxunn | o U{w }—{ popmayuu  2pynn }
n o.P- { Henycmole  gopmayuu @ummuHea}
Ha3bIBAIOTCSA  COOTBETCTBEHHO @ F -Qynkimeint u
PFR -pynkiumeii.  ®opmamma o F(f,0)=(G:
G/0,(G) e f(o) n G/G,(,, € f(p) nna Beex
pewnz(G))

bopmanmeit ¢ @ -cuytaukoM f u Hampasaenuem [2].

Ha3bIBACTCS ( -BEEpHOHI

Hanpasnenne O o -BeepHOl (hOpMAllM Ha3blBa-
ercs bp-nampasnenuem, ecnu oHo sBisiercs b-
HanpasienueM, T.e. S(Q)N , =05(q) ans modoro

geP; p-HampaBiIEHUEM,
G ,6(@)=6(q) ama moboro g€ P. Uepes 0,

0003HAYaETCs HATIPABIIEHHUE (@ -TIOJHOW (opMaruu,
10 ectb Oy(P)=G , mia Bcex peP; o -

n SABJISACTCA T.C.

HalpaBJIeHHe (@ -JIOKATBHON (opMalyu, TO €CTh
a(p)=G pr p VI BCEX peP; 0, — namnpas-
dbopmanumy, ecTb

peP;

JIEHHE (@ -CIEIUAIBHON TO
5,(M=G ;N , 8,
HAIpaBICHUE ( -LIEHTPAIBHON (OPMALHH, TO €CTh
05(P)=S , mmsBcex PP [2]. Tycrs y, u y, —
oF -pynxkmuu  ( PFR -pynxmumn).
Tosopsr, uto Y, <y,, ecnmu Y, (P) Sy, (p) ana
BCex P € a)u{a)’ } (ns Bcex P € P) [1].

Ilycte 7 — oTOOpakeHHe, CTaBsiiee B COOT-
BETCTBHE KaxJoi rpyrnmne G HEKOTOPYI0 HEMYCTYIO

BCEX

TSt

ITPOU3BOJIbHBIC

cuctemy 7(G) ee moarpynm. T'osopsr, uto 7 —

noarpynnosoit pyukrop, ecimu 7(G)? =7(G?) nns
moboro uzomopduzMa @ Kaxkaod rpymmsl G.
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[Hoarpynnosoit (byHKTOp T HAa3bIBACTCs
PETYJSPHBIM, €CITU BBIMOJHSIIOTCS CICAYIONINE JBa
YCIIOBUS:

1) m3 toro, uro N — HOpMaylbHas MOATPYIIA
TPYIIIBI G u M ez (G), crexyer

MN /N ez(G/N);
2) 13 M/N er(G/N) crenyer M e 7(G) (cem,,
manpumep, [3]).
o PFR -pynxkuus.
Hoarpynnosoit  GyHkTOp 7  HaseiBaeTcs O -
paJMKaIbHBIM, €CIU AUl Besskod rpynmsl G u st
Beskoii. N €7(G)  cmpasemmuBo  paBeHCTBO
Gopy NN =Ny
®opmarnus F  HaseiBaetcst 7 -3aMKHYTOH, eciu
u3 G € F Bcerma crenyer, uro 7(G) c F [7]. @-

IIycTs HEKOTOpas

ms Beex P eP.

ciythHuk f @ -BeepHOll (hopmanuy HasbiBaeTCA T -
3aMKHYTBIM, €CJIM Ul JIto0oro P e w\J {a)' } ¢op-
mamus f(p) saenserca 7 -3amxmyToi. Cnemyromas

JieMMa YCTaHABIMBaeT B3aUMOCBA3h MEXKOY T -
3aMKHYTOCTBIO (0 -BeepHOHl ¢opmauun u 7 -
3aMKHYTOCTBIO €€ (U -CITyTHHKA.

Jlemma 1 [4]. Tlycte F — @ -Beepras popmarnus
¢ bp-nanpasneHneM O, O <0,, T — peryispHbIil
0 -paJuKaIbHbI MOATPYIIIOBOM ¢dbyHKTOD.
®opmanus F saBnsercas r -3aMKHYTOH TOrJa |
TOJILKO TOrja, Korja F  obGmamaer xorst GbI OHEM
T -3aMKHYTBIM (D -CITyTHUKOM.

) PFR -ynkius,
neNu{O}. Besikyro  popmanuro  cumraror  0-

IlycTts NIPOU3BOJIbHAS
KpaTHO ( -BeepHO ¢ Hampasienuem O . Ilpu
N#0 ¢opmauus F mnaswiBaerca N-kpatHO (@ -
BeepHOIi ¢ HampasnenveM O , ecmu F  nmeer xots
Obl oaMH (), 4)-CIyTHUK, TO €CTb TaKOH @ -
CIIyTHHUK, BCE 3HAYEHHSI KOTOPOro sBjstores (N-1)-
KPaTHO (@ -BeepHBIMU (OpMAIMsIMU  C  HaIpas-
JNeHueM O .

Yepes twF, (X,0) obosnawaercst 7 -3aMKHY-
Tas N-KpaTHO @ -BeepHas (hopMalys C Hampasiie-
HUeM O, MOPOXJIEHHAs MHOXKECTBOM rpymm X,
oF "(X,8) — n-kpatHo @ -BeepHas Qopmaims c
HanpasjieHueM O , 00JIa/IaroIIas XOTs ObI OJJHUM T -
3aMKHYTBIM () -CITyTHUKOM, MOPOKIEHHAS MHOXKe-
ctBoM rpymn X . ®opmanmo zwF,(X,0,) o6o-

3Havarot yepes 7S, (X).
ITycts 0 — bp-Hampasnenue @ -BeepHoit (op-
mauun, 8 <&, T — PEryNApHbIA O -pajMKaNbHbIH

NOJrpynmnoBoi  GyHkrop, X

COBOKYITHOCTb
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rpynn. Torma, BBHAy JeMMBl |, CHpaBeaiMBO
pasencto 7w F (X,0) = @F,"(X,0).

Jloka3aTenbCTBO ClEAYIOIEH JIEeMMBI IPOBOANT-
Cs1 aHAJIOTUYHO JI0KA3aTeNbCTBY TeopeMsl 5 [1].

Jlemma 2. Ilycte Ne N, X — Hemycro# Kiacc
TPyNIl, T — PeryJspHBIN MOATPYNIOBOM (pyHKTOP,
F=wF (X,8), rne 0,<0. Torna dopmarus
F obmnamaer eqvHCTBEHHBIM MHHHUMAIBHBIM 7 3a-
MKHYTBIM ();,_1) -CIlyTHUKOM f Takum, 410

f(0)=r0F, ,(G/O,(G):GeX),?),
f(p)=roF, ,(G/Gy, :GeX),0),
onsecex Ppewn(X),
f(p)=®’ cem PE@\T(X)

Iycts H — mexoTopslii knacc rpymm, N € N. 7 -
3aMKHyTasi N-KpaTHO @ -BeepHast popmamus F ¢
HanpasienueM O HasbiBaetcst H o -KpuTHyeckoii
¢dopmanueii, ecnu F & H , HO Bce coOcTBeHHBIE T -
3aMKHYThIE N-KPaTHO  -BeepHBIE MOAPOPMAIIUH C
nanpasnenueM O u3 F B kmacce H comepxarcs.
B cneayroomein Teopeme u3y4aercd

KPUTUYECKUX 7 -3aMKHYTBIX  N-KpaTHO
CHeNUANbHBIX (hopMarii KOHEUHBIX TPYIIL

CTpPOCHHUE
a) -

Teopema 1. ITycts N €N, 7 — perynspueiii 0, -
H
HelycTas T -3aMKHYTas @ -crienabHast
¢dopmanusi ¢ MaKCUMaJIbHBIM BHYTPEHHHM (@ -
conytHukoM h, F — 7 -3aMkHyTas Nn-kpaTHo @ -

panuKaNbHBIA TMOATPYIIIOBOW  (YHKTOP,

crenuanbHas Gopmanyst ¢ MUHUMAIBHBIM @y gy -

dopmaruss  F
-kpurmdeckoit, o F =7 @S (G), roe G —

cnytaukom f. Ecnm

H

SIBJISICTCSI
Tw, 5,
H
MOHOJIUTHYECKas Tpynmna ¢ MoHomutom P =G,
npuuem ecniu 7(P) c @, 1o dopmamua f(p)
spisiercs N( p)m(nil) 5, "KPUTHYECKOH JIsl HEKOTOPO-
ro pen(P), aecm 7(P)z @, 10 f(w) asns-

erca h(w") -KpUTHYECKOH popmMaruei.

T&(n-1) 02
Joxkazarensctso. [lycts F — H 5, "KpHTHYEC-
n

kast popMmarust 1 G — rpynmna HaUMEHBIIETO MTOPSI/I-
ka u3 F\ H. Tormga G sBIgeTCsS MOHOIUTHYECKOM

rpynmoii ¢ moHomutom P=G" u F =7zwS, (G).
o f(&) =105, 4 (G/0,(G)),
f(p) :Ta)s(n_n(G/GGZpN p) ’
pewnz(G) u f(p)=3, ecru pew\r(G).
Cornacuo Teopeme 6 [2] h(@") =H u ana mo6oro

pew cnpasenmeo h(p)=N h(p)=N h(p),

nemMme 1

ittt BCEX
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rae N, — Ipou3BONBHBI BHYTPEHHHUI @ -CITYTHHK
dopmariu H .

n(P)cw. Tpennonoxum,
f(@)ch(q) mnma mo6oro (e x(P). Torna us

GeF cuenyer G/GGZq,quf(q)gh(q) 15

IIycts 4TO

scex ( € 7(P). Kpome Toro, G/P eH wu, BBuny
Pc0O,(G), nmeem G/O,(G) eH =h(®'). Co-
rnacio semme 2 [2] G eH, 4ro HeBO3MOXKHO.
pen(P),
f(p) z h(p). Mokaxem, uro popmamus T ()

SIBJISICTCS h( p)

[TosToMy cymiecTByeT Takoe 41O

O O “KPUTHYCCKOMU.

Paccmorpum ciyuaii, korna h(p) =< . Iycrs
h , — MHUHMMANIbHBIH 7 -3aMKHYTBIA (0 -CIIyTHUK

dopmarmu H . Jlonycrum, uto p € 7(H). Torna

no gemme 2 h,(p)2<d u  mosromy
h(p)=N ,h,(p)#<. Iporusopeune. Cnenosa-
temsno, Pex(H) wu  Z g¢H. Tak xax

pewnz(G), o f(p)=<J. Beuay nemmsl 7
[2],
ZpeF\ H, u s3maunr, G=Z,. Kpome Toro,
Zp:(zp)GZp,Np f(p):(l)

YCTaHOBJICHO, 4TO (popMaIus

Z,eN N f(p)cF. Taxum oGpasom,

Hu Tem cambM

f(p) seuserca
h( p)rw(nfl) 5, “KPUTHHECKOI.

[ycts teneps N(P) #< u M — coberBennas

7 -3aMkHyTasi  (N-1)-kpatHo @ -crienajibHas

noadopmams u3  f(pP). Ipexmonoxum, urto
M & h(p) u M — rpynna MUHAMAaIBEHOTO MOPSIKA
3 M \h(p). Torna M sBisieTcs MoHoIMTHYECKOI

. h
rpymimoii ¢ moHomutom R =M P HonyctuM, 4to

RcO,(M). Torma MeN h(p)=h(p), uro

HeBo3MoxkHO. Cnenosarensho, O (M) =1 u mo

nemMme 18.8 [12] CYLIECTBYET  TOYHBIH
menpusoaumblii  F [M]-mopyns K. Ilycts
T=[K]M. Torma rpynma T MOHOJHMTHYHA C
monomutom K =C;(K). Dro o3naugaer, uro
K=Tg N, Hootomy, BBHRY nemmer 7 [2],
TeN McN f(p)cF, u 3HAYUT,
toS,(T)cF. Ecm twS,(T)=F, 10

f(p)= Ta)s(n—l)(T /TGZPVN p):

TS, H(M)SM , uro meBosmoxuo. Ilosromy
twS,(T)c F, n3naunr, 7S, (T)c H . Torna
M=T/T, N, € h(p). Iporusopeune. Cnenosa-
tensno, M c h(p) u dopmarms f(p) ssasercs
h( p)m(nil) 5, "KPUTHYECKOL.

Hycte 7(P) & @ . Tokaxkem, 4To B 3TOM CiTyyae

f(0) — h(w')m(n,u 5, “KPUTHYECKAsl dopmarnus.
TaK Kak P < O(u (G) H TO
f(&)=rwS, ;,(G)zH =h(e'). llycte M~
cobcrBenHass 7 -3aMkHyTas (N-1)-kpaTHO @ -
cneuanbHas  noadopmaums  u3 (@) w

M,=twS,M). I3 M c f(®') cF nonyuaem
M,cF. Ecin M,=F, TO
f(0)=r0S,,(M/O,(M):M eM )cM c f(o)
IIporusopeune. Cnenosarensno, M, c F, u 3Ha-
uur, M, cH. Hosromy M cH =h(e')

popmanus  f (@) sBusercs h(a)')m(nil) 5, “KpuTH-

n

yeckoil. TeopemMa Joka3aHa.
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Sorokina M.M.

Critical 7 -closed n-multiply @ -special formations of finite groups

Abstract: Theory of classes of finite groups is one of the rapidly developing sections of the modern algebra. For-
mations hold the central place in this theory, i.e. classes of groups closed under homomorphic images and subdirect
products. Fundamental results of formations of finite groups are set out in the book «Formations of Finite Groups» of
L.A. Shemetkov and in the book «The algebra of formations» of A.N. Skiba. In the study of formations of finite groups
over the past decades much attention was paid to the local formations introduced in consideration by W. Gaschutz in

1963. The notion of local formation is a functional approach. Let P be the set of all prime numbers, f — a mapping of
the set P into the set of all formations of finite groups. Then F =(G : G/ F_ (G) € f(p), forall p e z(G))is the

local formation with the satellite f , where Fo (G) isG N, -radical of G. Natural generalization of the concept of

locality of the formation was partial locality ( @ -locality), introduced by L.A. Shemetkov in 1984. In 1987 A.N. Skiba
introduced the concept of a multiple-local formation. A principally new functional approach to the study of formations
was proposed by V.A. Vedernikov in 1999. This approach is based on the notion of the direction of formation and al-
lows us to construct an infinite set of new types of so-called @ -fibered formations. At the same time, local formations
are one of the types of @ -fibered formations with a fixed direction. An important type of @ -fibered formations are
w -special formations, which is devoted to the study in this paper. In 1980 L.A. Shemetkov at the VI All-Union Sym-

posium on Group Theory posed the general problem of studying the H o ~Critical formations. Let H be a class of
groups, & — a set of formations, F € 6. Formation F is called the H , -critical, if F not contained in H, but every
proper @ -subformation of F contains in H . In a series of papers A.N. Skiba obtained a description of the H o ~critical

formations in the case & — a set of all local formations, and H — local formation of the classical type. Study of critical
Nn-multiple @ -local formations were engaged A.N. Skiba and his followers. Sorokina M.M. and Korpachova M.A.
studied critical n-multiple @ -fibered formations. Researches in the theory of classes of finite groups shown a strong

relationship between the subgroup functors and classes of groups. Let T be a subgroup functor. The formation F is
called 7 -closed if formation F with every its group G contains all T -subgroups of G . In the book «The algebra of
formations» of A.N. Skiba presented the results on the critical 7 -closed local formations. This article is devoted to the
study of critical 7 -closed n-multiple @ -special formations of finite groups.

Key words: finite group, class of groups, formation of groups, H o ~Critical formation, @ -fibered formation, sub-
group functor.
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