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Abstract. The paper is proposed constructing of minimal surfaces based on spatial isotropic Bezier curves. Modeling of isotropic
curves is realized in a complex space. Several methods of constructing such curves: based on analytic functions of a complex varia-
ble, based on a specified real curve in the plane and based on the deformation of a plane curve in the complex space are proposed.
Conditions of isotropy of the Bezier curve of the n'" order are found and the curve of the 3% order is constructed as an example. A
special case of constructing a Bezier curve based on isotropic sides of the characteristic quadrilateral is examined, in this case the real
curve will be on the plane in three-dimensional space. The resulting curves were used as a guide curve for constructing surfaces. To
create a surface the quasiconformal change of parameter in the equation of an isotropic curve is done. By separating the real and im-
aginary parts we get the equations of the surfaces. The analysis of the coefficients of the first and second quadratic forms is done. It
was proved that the resulting surface are minimal surfaces.
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Problem statement. Minimal surfaces are widely distrib-  isotropic curves [1]. Separately, you can highlight the
uted in the nature as the most economical surfaces: they  works of applied geometry [5].

have the smallest space between the closing them contour, The purpose of this work is development of the method
tensions in all directions of the surface are the same. The-  of constructing minimal surfaces based on the isotropic
se properties of minimal surfaces determine their ad-  Bezier curves of the n™ order. Using Bezier curves will
vantages in design and construction. There is a class of make the method of generating of surfaces flexible to
problems where their solution depends on functional and  changes of formation conditions of the guide curve.
esthetic needs. In addition to the quantitative characteris- The basic part. Bezier curve will have the next form:
tics it is necessary to consider the practical experience of

n 1 . .

the developer. Bezier method has been developed to work ~ F(©)= 2 1jdn j(t), A€ Jn (1) :ﬁtj(l—t)n_J ' (2)
in the interactive mode and for intuitive representation of =0 r 1
the influence of tangent on the curve shape. Due to the where r; =|x; y; oz}
new opportunities that have emerged due to the develop- - Spatial isotropic Bezier curves of the n™ order
ment of computer technology, the problem of constructing  pased on analytic functions
unlimited minimal surfaces based on the guide isotropic Let’s construct isotropic curve of the n order on the
Bezier curve has been emerged. basis of analytical function of Weierstrass method.Let the

Analysis of publications. One of the methods of con-  f,nction f(t) is defined as:
structing minimal surfaces were offered by Weierstrass 5 3 n
[1], he was constructing these kinds of surfaces on the ba- T (t) =ag +at +axt” +agt™ +...+ayt’, where
sis of isotropic curves or minimal curves which length in  ag,a,a,,as,..a, - S0me complex values. Equation of
the complex spage is equgl to zerc2>: isotropic curve will have the form [1]:

’ ’ 2 =0. 2
The theo:(t) +_y_(t) i i N i ™ x=i'{(f(t)—t- f’(t)—l_t f"(t))}
y of minimal curves (isotropic) was founded 2
by Sophus Lie [4]. Isotropic geometry was developed by 5
Strubecker in the 1940s. The main states are in the mono- y— { fF(t)—t- F/(t)+ 1+t f"(t)}, ®)
graph [2]. Kartan and his followers were constructed and 2
researched the isotropic curves in the complex space z=—i-{f'®)—t- F" @)}
[3,4], the main focus was on constructing the isotropic ] o f )
curves on the basis of the moving reference points. Let’s find derivatives f'(t) and f"(t) and let’s sub-
Weierstrass proposed a non-quadrature representation of  stitute into the equation of isotropic curve (3), we will
have:
x:i.{”*z[(j *1)2“*2>a,- _d +1)2(j +2>aj+2}j Loy (1*1)2<i*2>ajti},
j=0 j=n—-1

n—2 F F H H R n F . .
y:{jgo[u 1)2(1 2>a,-+(”1)2(1+2)a,-+2]t’+J_=§71(J 1)2(1 2)ajt1},

4
i n—1 i i R
z=i-9 2 (i+D(—Dajat! .
j=0
To go from equation (4) to the form (2) it is necessary
to find the value of the radius vector of the characteristic

points of the polygon rj= lXj Yj ZJ.J To do this we

have to compare the coefficients of equations (2) and (4)

(G-D(G-2) ., GG+ . 1L, n!
' { 2 2 a“z}_go( DG Ty

of the appropriate t). We obtain n equations for each
coordinate:
If0<j<n-2

®)

67 ©)|n. Ausheva 2013



holis.diana@gmail.com
Typewritten text
N. Ausheva 2013


Science and Education a New Dimension: Natural and Technical Sciences, 1(2), Issue: 15, 2013  www.seanewdim.com

(G-D(-2) . , (+D(+2) }_ RS n!
aj + aj = -1 T N L
{ 2 ] 2 J+2 EO( ) G —NDin—j)!
J . I
s s - ) _ -l n! :
PG +DG-Daja) D Y T Ty
If j=n-1
(G032 L, i nt
! { 2 a,}_|§O< DG iy
G-DG-2)_ 1 _ <, it n! 6
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If j=n
L JG-DG-2 Vo iy, oo
"{ 2 a’}_Eo( A N TTe e T
(-1 -2) Lo i nt 0= ¥ (1) n! "
B A =A - = — - - = — 7y —
{ 2 a’} P e R e T "G -0 j)!
Equations (5), (6) and (7) will form a system of equa-  basis of the expression [5]:

tions with a lower triangular matrix, which is solved by
sequential substitution of values that were found.
Cubic isotropic Bezier curve will have the next form:

r) =ro-1)°+3n -t +3n-tt2+rtS,  (8)

rollao—ax)i ag+a, —ail,
ag+a,+az —ail

rol(ag —az —2a3)i ag+ax+2az (az—aw)i],
r3l(ap —az —2a3)i ag+ax+4az (3ag—a )i}

When you set the cubic isotropic Bezier curve on the
basis of the Weierstrass method on the basis of analytic
functions, 12 coordinates of the characteristic quadrilat-
eral are calculated on the basis of 4 independent complex
parameters, making it impossible to have an interactive
control of the curve form. For the isotropic Bezier curve
of the n" order 3(N+1) the points’ coordinates of charac-

teristic polygon are set on the basis of (n-+1) independent
complex values.

- Formation of the isotropic Bezier curve on the
basis of the plane real curve

Let's model a spatial isotropic curve using the real
plane parametric curve. As initial parameters we will take
the plane Bezier curve, i.e. we will set equation of the
curve on the plane X =X(t), y = Yy(t). For the realization

condition of isotropy the third coordinate is found on the
n-1
> n?[ 2 (Fja—rj )23
r=x,y,z  j=0 j=0l=j+1
Expression (9) — is a condition for spatial isotropic
Bezier curve of the n" order.
This condition will not be dependent of the values of

where
ri[(ag —ax —ag)i

the parameter t if we equate to zero the coefficients of t/ .
Let’s write the system of equations that defines the
condition of isotropy for the coefficients of Bezier curve

(n=-1!

2 n-1
j!(n—l—j)J v2 2 iamry)

I=j+1

n2[("j+1—l’j)2[

n-1 n-1
1i®+2> > (e —rj)In—1,j O —1)In_q1 ®)]=0.

2(t) = if\/(x'(t))z +(y'()?dt. In general case (i.e.
when the curve is not a Pythagorean-hodograph curve)
it’s impossible to get the expression without additional
calculations, so we apply approximation methods.

We will solve the problem in two stages: on the first
stage we will get the polynomial that approximates the
function of the square root, and on the second stage we
will get the integral.

One of the major disadvantages when we use approxi-
mation methods of constructing of spatial curve is the fact

that only two coordinates: X =X(t) and y=y(t) will
correspond to Bezier curve, third coordinate z(t) will be

in the form of an arbitrary polynomial. It’s impossible to
manage these curves interactively.

- Formation of an spatial isotropic Bezier curve on
the basis of isotropic sides of the characteristic poly-
gon

Let’s consider the formation of spatial Bezier curve of
the n™ order when isotropic characteristics are set. As iso-
tropic characteristics may be characteristic sides and
chord of the polygon. Let’s find limitations that must be
imposed on the coordinates of the reference points of the
Bezier curve. To do this, let’s take the derivative of equa-
tion (2) and substitute to the expression (1):

©)

of the n" order. The number of conditions is:

j=0.(2n-1).

If j=2k, then the coefficient of t) (1—t)n_1_j is
calculated on the basis of correlation:

(n—1)! )J("ul -n )[ (n _1)!I)!j] =0;

(10)

[

If j—2k—1, then the coefficient of tJ(1—t)" 2~} is calculated as follows:
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2| 5 (n—1)! (h—1)!
2 1= —— -n)| ————||=0.
) { P STo R (e an

Equations (10) and (11) constitute a system of equa-  correlation S (hyg— ri)2 -0 and condition

tions to determine limitations of the values of the referr-] r=x,y,z
- - - - - [
en((j:e points of the spatial isotropic Bezier curve of the n S (ro—, )2 _ o (isotropy of the chord that subtends
order.
. . . r=X,Y,z

If. all SIQes .Of the charfflcterlstlc polygon of the curve the first and last point of the polygon), then we will have

are isotropic, i.e. for all j=0..(n—1) are executed the

a system of equations:

S (N G o\ LI P Y G LI
" {zl—zj:ﬂ(rﬁl rj)[j!(n—l—j)!](r”l r')[l!(n—l_mﬂ_o (12)

For cubic spatial isotropic Bezier curve of the 3 order we will have:
S(n-1)? =0, Z(m-rp)rz-1n)=0, 2 S(rp-n)’+ X(n-r)r3—r)=0

r=X,vy,z r=Xx,y,z r=X,vy,z r=x,Y,z
Sy —n)(r3—1) =0, 3 (r5—r)? =
r=X,vy,z r=X,vy,z
Expression (13) determines the conditions of isotropy (x4 — %0)2 + (Y1 — Yo)? =0 then the first condition will
of the spatial Bezier curve of the 3% order.
Analysis of the expression (13) shows that the length D€ the next: 2, = Z,.

(13)

of the first and last link of the characteristic quadrilateral Let’s consider the second condition:
must be equal to zero, i.e. it must be isotropic. Z("l —r)(r,—1r)=0" Substituting the first condi-
If S (rp — ,—1)2 =0, then the chord that subtends the  +=3.;
r=x,y,z tion in this expression we get the equation that is equal to
curve segment will be isotropic. zero. So the second condition allows setting an arbitrary
- Modeling of spatial isotropic Bezier curve on the  coordinate z, , which is defined and depends on the order
basis of deformation of the plane curve of the curve. The following undetermined coordinates are

Let’s deform the plane isotropic curve so that the  defined with sequential substitution of coordinates that in
length of the curve in the complex space is remained un-  the previous equations were found. So that we get a
changed, i.e. the curve is remained isotropic. For a plane  method that allows you to find the isotropic Bezier curve
isotropic Bezier curve all sides of the characteristic poly-  of the n™ order without solving the quadratic equation

gon and chord are equal to zero, and for spatial curve, this  (13) For a cubic spatial Bezier curve the following unde-
condition should not be stored, so let’s make the method  termined coordinates will be getting on the basis of the

to have a possibility to change the points of the character-  fo[1owing correlations:

istic polygon to store the conditions of isotropy length of 22— 23)? — (4 — %g) (Xa — Xp)

the curve. Let’s set the determined coordinates for spatial Y3 = 1Y) +yp’
curve as follows: zg, fj = [Xj yJJ where j—N*+3. 21 1)
3=— T
(Y1—Yo)

Let’s consider the first condition of isotropy of Bezier ) )
curve of the n™ order, namely the isotropy of sides of xg = Z2=2)" = (V2= y1)" | -

. . . . . (X1 — Xp)
characteristic polygon, which match with the direction of .
the t ; tpth ¥ it Accord When we apply the method of Weierstrass, the surface
€ tangent at the pointry: s~ )2 — o ACCOTO- o constructed on the basis of the isotropic guide curve

r=x.y.z and changing t=u+iv. We could call the change - qua-
ing to initial input data only coordinate z; is undetermined  siconformal, if the parameter t will be substituted instead
in this expression. Considering that for the plane curve: ~ Of the complex variable ku+iv and u+ikv: t=ku+iv or
t=u+ikv. As the guide curve we will use cubic isotropic

Bezier curve. When we change t=u+ikv then we get:

rRe(u,v)erRe(1—3u+3u2—3v2k2—u3+3uv2k2)—r0|m(—3vk+6uvk—3u2vk+v3k3)—
— (-3 Re (1—2u +U? —v2Kk?) + 31y | (—2VK + 2uVK))U + (=31 | @ — 2u +u? —v2k?) —

—3r Rre (—2Vk + 2uvk))vk — (—=3ro ge (1 —u) —3r, |mvk)(u —v2k? )+2(-3rp | @—u)+ (15)
+ 3ry Re VK)UVK + 3 Re (u®—3uv?k?)— r3|m(3u2vk —v3k3).
When we change t = ku + iv then we get:
rRe (U,V) =g Rre (173uk+3u2k2 —3v? —u3k3 +3uv2k) —roim(—3v+ 6uvk — 3u?vk? +v3) -
—(—3rire 1 —2uk + u?k? —v?) + 3 1m (—2Vv + 2uvk))uk + (—=3ry | 1 — 2uk + u?k? —v?)— (16)

— 3 Re (—2V + 2UVK))V — (=315 ge (L — UK) — 315 |, V) U2k 2 —v2) + 2(=3r, |y (L — uk) +
+3ry ReVIUVK + ra e (u3k3 - 3uv2k) —r31m@u 2yk? — v3).
Let isotropic Bezier curve is constructed using equa-
tion (8) on the basis of analytic functions. Let’s substitute
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the values of reference points (8) in equations (15) and For t=u+ikv coefficients of the first quadratic form will
(16). Let’s calculate the coefficients of the first and the  be:

second quadratic forms.

E = 9a32.Re[2u2v2k2 +v?k? +2v2k? +1+2u? + u4] +9a§|m[v4k4 +2v2k? +2v2k2u? +1+2u? + u4],

G =9a3Rre[U%k? +2u2v2k* + 2u%k? +vAKO + 2v2Kk* + K21+ 983 [2u?v2Kk* +v*K® + 2v2k? +u*Kk? + 2u°k? + k2],
F=0.

Analysis of the expressions shows that E -G = Mean curvature of the surface in this case is equal to 0,
k2E — G . If you calculate the coefficients of the second  i.e. we will have H = 0. _
quadratic form then we get the following dependencies: Similar research can be conducted with the change
K2L — —N an o LK t=ku+iv. On the Fig.1a) is shown the two surfaces with
T M =g different coefficients k for change t=u-+ikv: k=-1.5 and
— ge t=u+ikv: k=-15 an

k=0.5. On the Fig. 1b) is shown the surface that is classi-
fied as the lines of curvature.

Conclusions. Researches have shown that applying the
method of Bezier for the construction of the isotropic
curve increased the number of points that can be con-
trolled and allows you to have an interactively control of
the curve shape. When we use the quasiconformal change
of parameter in the equation of the isotropic curve we get
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Fig.1. Minimal surfaces on the basis of isotropic Bezier

curve
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Kartan E. Teoriya konechnih neprerivnih  grupp i
differenzialnaya geometriya, izlogenie metodom podvignogo

Aymena H.H.
MopenupoBaHie MUHIMAJIBHBIX IOBEPXHOCTEH HA 0CHOBE M30TPONMHBIX KPHUBBIX H KBa3MKOH(OPMHOIi 3aMeHbI NapaMeTpa
AHHoOTanus. B paboTe paccMaTpuBaeTcst MOCTPOSHHE MUHHMAIBHBIX ITOBEPXHOCTEH HAa OCHOBE MPOCTPAHCTBEHHBIX M30TPOIHBIX
kpuBbIX be3pe. MoennpoBaHie M30TPOITHEIX KPUBBIX OCYIIECTBIISIETCS B KOMIUIEKCHOM IIpOCTpaHCTBe. [Ipemmaraercss HECKOIBKO
Croco0OB TIOCTPOSHMSI TaKWX KPUBBIX: HA OCHOBE AHAIUTHYECKON (YHKIMH KOMIUIEKCHOH IEpEMEHHOW, HAa OCHOBE 3a/IaHHOI
JICHCTBUTEIBHOW KPHBOW Ha IUIOCKOCTH, Ha OCHOBE JAe(pOpMaIlH IUIOCKON KpPHBOH B KOMIUIEKCHOM IpocTpaHCTBe. HalimeHs
YCIIOBUS U30TPOIHOCTH 71l KpuBoit be3be N-ro mopsaxa u npuBeAeH NpuMep A1 KpUBOH TpeTbero nopsaaka. PaccMoTpeH yacTHbIi
cilyyail mocTpoeHust KpuBO be3be Ha OCHOBE H30TPOIHBIX CTOPOH XapaKTEPUCTUYECKOTO YETHIPEXYroJbHUKA, B ITOM Cilydae
JIeWCTBUTENBHAsT KpUBasi OyJeT JieaTh Ha TUIOCKOCTH B TPEXMEPHOM IpocTpaHcTBe. [lonydeHHbIe KpHBBIe OBUTH MCIIOJIb30BAaHBI B
KaueCTBE HAIPaBIIAIONICH KPUBOIT ISl TOCTPOSHHUS MOBEPXHOCTEH. J{JIsl MOCTPOCHHS OBEPXHOCTH MPOU3BOUTCS KBa3HKOH(OPMHast
3aMeHa IapaMeTpa B YpaBHEHUH M30TPONMHON KpHuBOH. IlyTeMm BhImeneHns AeHCTBUTEILHOM U MHUMON YacTH MONTydaeM ypaBHEHHS
noBepxHocTei. IIpoBeneH aHanm3 Ko3(UIMEHTOB NEpBOIl M BTOPOH KBaApaTHIHBIX (opM. BpUTO MOKa3aHO, YTO MONydEHHEIE
MOBEPXHOCTH SBJIIOTCS MUHUMAJIBHBIMH TIOBEPXHOCTSIMU.

Knroueswie cnosa: usomponnuie kpusvle, kpugvie besve, munumanvhvie nogepxnocmu
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